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Abstract. The ADHM construction establishes a one-to-one corre-
spondence between framed torsion free sheaves on the projective plane
and stable framed representations of a quiver with relations in the cat-
egory of complex vector spaces. This paper studies the geometry of
moduli spaces of representations of the same quiver with relations in
the abelian category of coherent sheaves on a smooth complex pro-
jective curve X. In particular it is proven that this moduli space is
virtually smooth and related by relative Beilinson spectral sequence
to the curve counting construction via stable pairs of Pandharipande
and Thomas. This yields a new conjectural construction for the local
Donaldson-Thomas theory of curves as well as a natural higher rank
generalization.
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1. Introduction
An ADHM quiver QADHM is a quiver of the form
(1.1) e •
a1

a2
YY
b ,,
• e∞ckk
with one relation specified by the linear combination of paths
(1.2) a1a2 − a2a1 + cb.
It is well known that moduli spaces of cyclic representations of the ADHM
quiver in the category of complex vector spaces are isomorphic to moduli
spaces of framed torsion free sheaves on the projective plane [60, Ch. 2].
Similarly, moduli spaces of cyclic modules over a deformation of the ADHM
quiver algebra [63] are isomorphic to moduli spaces of locally free sheaves
on the noncommutative projective plane [45].
ADHM sheaves are framed twisted representations of an ADHM quiver
in the abelian category of coherent OX-modules of a smooth projective va-
riety X over C. The goal of the present paper is to study the geometry of
the moduli space of ADHM sheaves on smooth projective complex varieties.
Note that quiver sheaves have been previously considered in the literature in
[2, 1, 31, 78, 8]. In particular ADHM sheaves have been previously studied in
[78] in relation to the relative Beilinson monad for noncommutative three-
folds over curves. A similar relation between quiver sheaves and relative
Beilinson monads has been employed in the context of integrable systems in
[8]. Moduli problems for such objects have been also previously considered
in [73, 30, 74, 3], as well as [8]. We will later elaborate on the relation be-
tween some of the above papers and the present work. Before presenting the
main results note that this problem is motivated by the following questions
in string theory and quantum field theory.
Moduli spaces of p− (p+4) D-brane configurations have been intensively
studied in the string theory literature starting with the work of Douglas
and Moore [27]. In particular the moduli space of supersymmetric flat di-
rections of such configurations have been shown in [27] to be isomorphic to
the quiver varieties constructed in [48, 59]. These are moduli spaces of su-
persymmetric constant field configurations on the Dp-brane world-volume.
In this paper we consider moduli spaces of topologically nontrivial super-
symmetric field configurations for p − (p + 4) D-brane systems when the
Dp-branes are wrapped on a complex projective variety X. Given the phys-
ical construction of Donaldson-Thomas theory [43], such moduli spaces are
expected to provide a mathematical framework for counting problems of D6-
D2-D0 supersymmetric bound states on noncompact Calabi-Yau threefolds.
Concrete applications to local Gopakumar-Vafa invariants and wallcrossing
are presented in [24].
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The same moduli spaces occur in a different physical context, namely
renormalization group flow in (topologically twisted) two dimensional non-
abelian gauged linear sigma models. The gauge theory in question is the
effective field theory on a system of D1-D5 euclidean branes, the lower
dimensional branes being wrapped on a smooth projective curve X. For
generic values of the Fayet-Iliopoulos parameters, this theory exhibits a
Higgs branch isomorphic to the moduli space of framed torsion free sheaves
on the projective plane. The moduli spaces constructed in this paper can
be identified with moduli spaces of UV gauge theory instantons, or, equiv-
alently, topologically nontrivial Q-fixed field configurations modulo gauge
transformations. In this context, they provide a partial compactification of
the moduli space of holomorphic maps to the moduli space of framed tor-
sion free sheaves on the projective plane. This is analogous to the similar
statement concerning Quot schemes parameterizing coherent quotients on
P
1 and holomorphic maps to the Grassmannian [12, 10]. Note that the later
have been shown to occur in a similar context in [26, 38]. A renormaliza-
tion group flow analogous to [57, 39] yields a conjectural relation between
the residual ADHM invariants defined in this paper and the J-function of
the moduli space of framed torsion-free sheaves generalizing the results of
[53, 17, 10, 11] for J-functions of Grassmannians and flag varieties. This
is currently under investigation [18]. The dynamics of nonabelian gauged
linear sigma models has been studied recently in [64, 65], emphasizing the
relation between quantum cohomology rings and integrable systems. Our
approach is complementary since it emphasizes the relation between UV
instanton series and J-functions.
Let us summarize the main results and plan of the paper. Let X be a
smooth projective variety over C equipped with a very ample line bundle
OX(1). Let M1,M2 be fixed invertible OX-modules, called twisting data,
and E∞ a fixed locally free OX -module called framing data. In order to
keep the notation short, we will denote by X the data (X,M1,M2, E∞).
ADHM sheaves are twisted representations of the quiver (1.1) in the abelian
category of coherent sheaves on X. (See (2.1) for a precise definition.)
We will consider ADHM sheaves subject to a stability condition (2.2). A
routine argument shows that flat families of stable ADHM sheaves with
fixed Hilbert polynomial P on X form a fibered groupoid MADHM (X , P )
over the category S of schemes of finite type over C. Moreover, according
to Lemma (2.3), the closed points of MADHM (X , P ) have trivial stabilizers.
Then following theorem follows directly from the results of Schmitt [76,
Thm. 2.9.2.44, 2.9.2.45].
Theorem 1.1. The groupoid MADHM (X , P ) is a quasi-projective scheme
over C.
Remark 1.2. (i) Note that the stability condition (ii) in (2.2) is very similar
to the nondegeneracy condition formulated in [78, Thm 3.1]. However the
later disallows all proper subsheaves E′ ⊂ E satisfying the conditions listed
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there, not only the saturated ones. It will become clear in section (7) that this
difference has important consequences for the connection to local Donaldson-
Thomas theory.
(ii) In the proof of theorem [76, Thm. 2.9.2.45] the moduli scheme MADHM (X , P )
is constructed using geometric invariant theory [58]. In particular it is
equipped with a natural polarization [L] according to [58, Thm 1.10], [76,
Rem. 1.4.3.9].
(iii) Moreover [76, Cor. 2.9.2.42] proves that the stability condition (2.2)
is in fact the asymptotic form of a more general GIT stability condition for
ADHM sheaves. Analogous stability conditions for quiver sheaves were pre-
viously formulated and studied in [73, 30, 74], and in the context of Hitchin-
Kobayashi correspondence in [2, 1]. This is a natural generalization of pre-
vious work on decorated sheaves, including [13, 79, 14, 15, 9, 41, 40, 75].
(iii) Moduli spaces of twisted ADHM sheaves have also been recently stud-
ied by Marcos Jardim in [44], subject to a more general stability condition.
In particular [44, Thm 24] establishes that the moduli space of stable twisted
ADHM sheaves on a complex projective space is a quasi-projective variety.
Next, suppose X is a smooth projective curve of genus g over C. In this
case the Hilbert polynomial of an ADHM sheaf E is determined by the rank
r ∈ Z, r ≥ 1 and the degree e ∈ Z. We will denote by MADHM (X , r, e)
the moduli space of stable ADHM sheaves on X with fixed (r, e). Our
first result establishes equivariant virtual smoothness of the moduli space
of ADHM sheaves with respect to algebraic torus actions preserving the
polarization [L] obtained from the GIT construction.
Theorem 1.3. Suppose X is a smooth projective curve over C and sup-
pose there exists a torus action T ×MADHM (X , r, e) → MADHM (X , r, e)
such that the polarization [L] is T-equivariant. Then the moduli space
MADHM (X , r, e) has a T-equivariant perfect tangent-obstruction theory.
Here we employ Definition [51, Def. 2.1] for a perfect tangent-obstruction
theory of a Deligne-Mumford stack. Theorem (1.3) is proven in section (5.3).
Note that there are natural algebraic torus actions on MADHM (X , P )
satisfying the conditions of Theorem (1.3) presented in examples (3.2), (3.3).
Proposition (3.5) shows that if X is a smooth projective curve, the fixed
locusM(X , r, e)T of the torus action defined in Example (3.3) is a projective
scheme over C. Then Theorem (1.3), Proposition (3.5) and [32] yield the
following corollary
Corollary 1.4. Let X be a smooth projective curve over C and E∞ =
⊕r∞a=1La where r∞ ∈ Z, r∞ ≥ 1 and La, a = 1, . . . , r∞, are line bun-
dles on X. Let T ×MADHM (X , r, e) → MADHM (X , r, e) be the torus ac-
tion defined in Example (3.3). Then the fixed locus MADHM (X , r, e)
T is a
projective scheme over C equipped with a virtual cycle [MADHM (X , r, e)
T]
and a T-equivariant virtual normal bundle Nvir
MADHM(X ,r,e)T/MADHM (X ,r,e)
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defined as an element of the K-theory of coherent locally free sheaves on
MADHM (X , r, e)
T.
Corollary (1.4) allows us to define an equivariant ADHM theory of curves
by analogy with [16, 67].
Definition 1.5. Suppose X is a smooth projective curve over C and E∞ =
⊕r∞a=1La where r∞ ∈ Z, r∞ ≥ 1 and La, a = 1, . . . , r∞, are line bundles on
X. Let T×MADHM(X , r, e) →MADHM (X , r, e) be the torus action defined
in Example (3.3). Then the rank r equivariant ADHM theory of the data
X = (X,M1,M2, E∞) is defined by
(1.3) ZADHM (X )r(q) =
∑
e∈Z
qe
∫
[MADHM(X ,r,e)]T
1
where [MADHM (X , r, e)]T is the equivariant virtual cycle of the moduli space.
Remark 1.6. (i) Note that the partition function (1.3) is a natural gen-
eralization of the instanton counting function defined in [61] to the relative
setting. One can also generalize the K-theoretic partition function of [62] to
the relative setting relying on Corollary (1.4) and the results [19, 29].
(ii) Applying the virtual localization theorem [32], the right hand side of
equation (1.3) can be written as∑
e∈Z
qe
∫
[MADHM(X ,r,e)T]
1
eT(N
vir
MADHM(X ,r,e)T/MADHM(X ,r,e)
)
,
where [MADHM (X , r, e)
T] is the induced virtual cycle of the fixed locus, and
eT(N
vir
MADHM(X ,r,e)T/MADHM(X ,r,e)
) is the T-equivariant Euler class of the
virtual normal bundle Nvir
MADHM(X ,r,e)T/MADHM (X ,r,e)
.
As explained in the beginning of the introduction, string theoretic ar-
guments predict that the ADHM theory of curves should be related to
the local Donaldson-Thomas theory of curves defined in [54, 55, 16, 67].
In sections (6), (7) we show that the relative Beilinson spectral sequence
[68] identifies stable ADHM sheaves with E∞ = OX on a smooth projec-
tive curve X with stable pairs [49, 50, 70] on the projective plane bundle
Y = Proj(OX⊕M1⊕M2) over X. The later have been recently employed by
Pandharipande and Thomas [70] as a new curve counting device on smooth
projective threefolds (see [69, 71] for further results.) and are conjecturally
related to Donaldson-Thomas theory.
The identification between ADHM sheaves with trivial framing and stable
pairs is most conveniently formulated in terms of a new class of objects –
admissible pairs – introduced in section (6). Admissible pairs are character-
ized by a pair (d, n) ∈ Z≥1 × Z of numerical invariants defined in (6.2) and
satisfy the following properties derived from [49, 50, 70].
Theorem 1.7. (i) There exists a quasi-projective moduli scheme MAdm(Y, d, n)
over C of admissible pairs on Y with fixed numerical invariants (d, n).
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(ii) There is a T = C× × C× action on MAdm(Y, d, n) induced by a
scaling action on Y , such that MAdm(Y, d, n) is equipped with a natural T-
equivariant perfect tangent-obstruction theory.
(iii) The fixed locusMAdm(Y, d, n)
T is a projective scheme over C equipped
with a virtual cycle [MAdm(Y, d, n)
T] and an equivariant virtual normal bun-
dle Nvir
MAdm(Y,d,n)T/MAdm(Y,d,n)
.
A proof of this theorem based on [49, 50, 70] is outlined in section (6).
Theorem (1.7) allows us to define the local equivariant Pandharipande-
Thomas [70] theory of curves.
Definition 1.8. Let X be a smooth projective curve of genus g, M1,M2 be
invertible sheaves on X and Y = Proj(OX ⊕M1⊕M2). Then we define the
degree d local Pandharipande-Thomas theory of the triple (X,M1,M2) to be
ZPT (X,M1,M2)d(q) =
∑
n∈Z
qn
∫
[MAdm(Y,d,n)]T
1.
Our third result is the following.
Theorem 1.9. Let X be a smooth projective curve of genus g, M1,M2 be
invertible sheaves on X and E∞ = OX . Let Y = Proj(OX ⊕M1 ⊕M2) and
let T = C× × C× act on MADHM (X , r, e) as in Example (3.2). Then there
is a T-equivariant isomorphism of moduli spaces
f : MAdm(Y, d, n) ≃MADHM (X , d, n + d(g − 1))
such that the perfect tangent-obstruction theories of the two moduli spaces
are compatible with respect to f, the relative perfect obstruction theory being
trivial.
Here compatible perfect obstruction theories is meant in the sense of [51,
Def. 4.1]. Theorem (1.9) is proven in sections (7.3), (7.4).
Theorem (1.9) implies
Corollary 1.10. Let X be a smooth projective curve genus g, M1,M2 be
invertible sheaves on X and Y = Proj(OX ⊕M1 ⊕M2). Then we have
(1.4) ZPT (X,M1,M2)d(q) = q
−d(g−1)ZADHM (X )d(q)
for any d ≥ 1, where X = (X,M1,M2,OX).
According to [70, Conj. 3.3] we have the following conjectural relation be-
tween the Pandharipande-Thomas and the local Donaldson-Thomas theory
of curves [54, 55, 16, 67]
ZPT (X,M1,M2)d(q) = Z
′
DT (X,M1,M2)d(q).
Therefore Corollary (1.10) immediately yields a similar conjectural relation
between the ADHM theory of curves with trivial framing and the local
Donaldson-Thomas theory of curves.
For more general framing, E∞ = ⊕
r∞
a=1La in Definition (1.5), the ADHM
theory of ZADHM (X )r(q) represents a rigorous construction of instanton
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moduli spaces in the nonabelian gauge theory of D6-D2-D0 brane systems on
local Calabi-Yau threefolds as above. Conjecturally it should be related to a
higher rank version of local Donaldson-Thomas theory of curves provided the
later were defined. This construction provides a mathematical framework
for some of the results obtained in the string theory literature [25, 20].
Notation and Conventions. Throughout this paper, we will denote by
S the category of schemes of finite type over C. For any such schemes X,S
we set XS = S ×X and Xs = k(s) ×S X for any point s ∈ S, where k(s)
is the residual field of s. Let also pS : XS → S, pX : XS → X denote the
canonical projections. We will also set (F )S = p
∗
XF for any OX -module F .
Given a morphism f : S′ → S, we will denote by fX = f × 1X : XS′ → XS .
Any morphism f : S′ → S, yields a commutative diagram of the form
XS′
p′X //
fX

X
1X

XS
pX // X.
Then for any OX -module F there is a canonical isomorphism FS′ ≃ f
∗
XFS
which will be implicit in the following. Finally, we will employ the conven-
tions of [21, Ch. 1.2, Ch. 1.3] for computations in derived categories.
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and to Brent Doran for illuminating discussions on quotients by algebraic
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2. ADHM Sheaves
2.1. Stable ADHM Sheaves. Quiver sheaves are representations of a
quiver with relations in the abelian category of modules over a scheme or
more generally a ringed space [2, 1, 31]. Let X be an arbitrary scheme,
M1,M2 be fixed invertible sheaves on X and E∞ be a coherent OX-module.
In this paper we will consider framed twisted representations of an ADHM
quiver in the abelian category of coherent OX -modules. As stated in the
introduction, we will denote the data (X,M1,M2, E∞) by X .
Definition 2.1. (i) An ADHM sheaf on X is defined by the data
E = (E,Φ1,Φ2, φ, ψ) where E is a coherent OX -module and
Φi : E ⊗X Mi → E, φ : E ⊗M1 ⊗X M2 → E∞, ψ : E∞ → E,
with i = 1, 2, are morphisms of OX -modules satisfying the ADHM relation
(2.1) Φ1 ◦ (Φ2 ⊗ 1M1)− Φ2 ◦ (Φ1 ⊗ 1M2) + ψ ◦ φ = 0.
We will refer to M1,M2 as twisting data and E∞ as framing data.
(ii) A morphism ξ : E → E ′ of ADHM sheaves on X is a pair (ξ, z)
consisting of a morphism of OX -modules ξ : E → E
′ and a complex number
z ∈ C such that the following diagrams are commutative
(2.2)
E ⊗X Mi
Φi //
ξ⊗1Mi

E
ξ

E′ ⊗Mi
Φ′i // E′
E∞
ψ //
z1E∞

E
ξ

E∞
ψ′ // E′
E ⊗Y M1 ⊗X M2
φ //
ξ⊗1M1⊗XM2

E∞
z1E∞

E′ ⊗X M1 ⊗X M2
φ′ // E∞.
A morphism (ξ, z) of ADHM sheaves will be called proper if z = 1, in which
case z will be omitted.
(iii) A morphism (ξ, z) : E → E ′ will be called invertible if ξ : E → E′ is
an isomorphism of OX -modules and z 6= 0. A morphism (ξ, z) will be called
an isomorphism of ADHM sheaves if it is proper and invertible.
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SupposeX is a smooth projective variety over a field k over C. In addition
to the twisting data M1,M2 and framing data E∞, we will also fix a very
ample line bundle OX(1) on X. Let M12 denote M1 ⊗X M2.
Definition 2.2. An ADHM sheaf E = (E,Φ1,Φ2, φ, ψ) on X with twisting
data M1,M2 and framing data E∞ is stable if the following conditions are
satisfied
(i) E is a torsion-free OX -module
(ii) ψ is not identically zero
(iii) There exists no nontrivial proper saturated subsheaf 0 ⊂ E′ ⊂ E
such that Φi(E
′ ⊗X Mi) ⊆ E
′ for i = 1, 2 and Im(ψ) ⊆ E′.
The stable ADHM sheaf E will be said to have Hilbert polynomial P if E has
Hilbert polynomial P .
2.2. Basic properties. Next we establish some properties of ADHM sheaves
which will be needed later in the paper. We will work under the same as-
sumptions as above i.e. X is a smooth projective variety over a field k
over C equipped with a very ample line bundle OX(1). M1,M2 will be fixed
twisting data and the locally free OX-module E∞ will be fixed framing data.
Lemma 2.3. (i) Let ξ : E → E ′ be a morphism of stable ADHM sheaves on
X, where E , E ′ have identical Hilbert polynomials. Then ξ is either trivial
or invertible.
(ii) If the base field k is algebraically closed, the automorphism group of
a stable ADHM sheaf on X is trivial.
Proof. Let (ξ, z) : E → E′ be a morphism of stable ADHM sheaves so the
diagrams (2.2) for E , E ′, ξ are commutative.
We first claim that z = 0 ⇒ ξ = 0. If z = 0, diagrams (2.2) imply that
(2.3) Φi(Ker(ξ)⊗X Mi) ⊆ Ker(ξ), Im(ψ) ⊆ Ker(ξ).
Since E and E′ are torsion free, the kernel is automatically saturated,
E/Ker(ξ) ≃ Im(ξ) ⊆ E′. Since E is assumed to be a stable ADHM sheaf,
Ker(ξ) must be either 0 or E in order to avoid a contradiction. The first
case, Ker(ξ) = 0 is ruled out by the stability condition, which requires ψ to
be nontrivial. Therefore Ker(ξ) = E, and ξ = 0.
Suppose z 6= 0. Then diagrams (2.2) imply that
(2.4) Φ′i(Im(ξ)⊗X Mi) ⊆ Im(ξ), Im(ψ
′) ⊆ Im(ξ).
Hence ξ cannot be identically 0 since ψ′ is not, by assumption. Moreover,
the first equation in (2.4) implies that the saturation Im(ξ) is preserved by
Φ′1,Φ
′
2 as well. If this were not the case, at least one of the morphisms Φ
′
i,
i = 1, 2, would induce a nontrivial morphism
(Im(ξ)/Im(ξ))⊗X Mi → E
′/Im(ξ)
which leads to a contradiction. Therefore, since E ′ is stable by assump-
tion, the saturation Im(ξ) must be equal to E′. Since E,E′ have identical
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Hilbert polynomials, this implies that ξ must be an isomorphism. This
proves Lemma (2.3.i). Lemma (2.3.ii) then follows by a standard argument
(see for example [42, Cor. 1.2.8]).

Lemma 2.4. Let E = (E,Φ1,Φ2, φ, ψ) be an ADHM sheaf on X (not nec-
essarily stable) with E a nontrivial torsion free OX -module. Then there
exists a nontrivial saturated subsheaf 0 ⊂ E0 ⊆ E determined by the data
(Φ1,Φ2, ψ) such that
(i) Φi(E0 ⊗X Mi) ⊆ E0 for i = 1, 2, and Im(ψ) ⊂ E0.
(ii) Any nontrivial saturated subsheaf 0 ⊂ E′ ⊆ E satisfying analogous
conditions contains E0.
Proof. If Φi = 0, i = 1, 2, we take E0 to be the saturation of Im(ψ) in E.
Now suppose Φ1,Φ2 are not simultaneously trivial. Let I = (i1, i2, . . . , ik)
be an ordered collection of indices il ∈ {1, 2} for l = 1, . . . , k. For each such
ordered collection, let
MI =Mi1 ⊗X · · · ⊗X Mik
and
ΦI : E ⊗MI
Φik◦(Φik−1⊗1Mk )◦···◦(Φi1⊗1Mi2⊗···⊗Mik
)
// E.
To the empty collection I = ∅ we formally assign MI = OX and ΦI = 1E .
Then set
(2.5) E′0 =
∑
I
ΦI(Im(ψ)⊗X MI).
where the sum is over all finite collections I of arbitrary length. According
to [33, 5.3.4], E′0 is a coherent submodule of E. We also have
Φi(E
′
0 ⊗X Mi) ⊆ E
′
0, Im(ψ) ⊆ E
′
0
by construction.
Let E0 be the saturation of E
′
0 in E. Obviously, E0 contains Im(ψ) as
a subsheaf. If E0 = E, then obviously Φi(E0 ⊗X Mi) ⊆ E0 for i = 1, 2. If
E0 6= E, consider the following composition of morphisms of OX -modules
Φi,0 : E0 ⊗X Mi
Φi−→E ։ E/E0.
for i = 1, 2. Since E0 is the saturation of E
′
0 it follows that Φi,0 vanishes
generically on X, hence Im(Φi,0) must be a torsion OX -module. However
E/E0 is torsion free since E0 is saturated, hence Im(Φi,0) must be trivial.
Therefore Φi,0 = 0 and we have Φi(E0 ⊗X Mi) ⊆ E0 for i = 1, 2.
Property (ii) in Lemma (2.4) is obvious by construction.

Lemma 2.5. Suppose E∞ is a simple locally free sheaf on X. Then any
stable ADHM sheaf E on X must have φ = 0.
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Proof. Since E∞ is simple, the endomorphism algebra End(E∞) is isomor-
phic to C. In particular, for any endomorphism ξ∞ : E∞ → E∞, Tr(ξ∞) = 0
implies ξ∞ = 0. Then the inductive argument used in the proof of lemma
[60, Lemma 2.8] applies without modification to any stable ADHM sheaf E
with E∞ simple. This proves that the restriction φ|E′0⊗XM12 is trivial, where
E′0 is the subsheaf of E constructed in (2.5).
Then we claim that the restriction φ|E0⊗XM12 also vanishes, where E0 is
the saturation of E′0 as in Lemma (2.4). By construction, it is clear that
the restriction φ|E0⊗XM12 vanishes generically on X. Therefore its image
Im (φ|E0⊗XM12) must be a torsion sheaf on X. This is impossible since E∞
is locally free. Therefore φ|E0⊗XM12 must be trivial. However, the stability
condition implies that E0 = E, hence φ = 0.

2.3. Moduli spaces. Let X to be a smooth complex projective variety
equipped with a very ample line bundle OX(1). Let M1,M2, E∞ be fixed
twisting, respectively framing data onX. Let X denote the data (X,M1,M2, E∞).
Flat families of ADHM sheaves are defined in the usual way.
Definition 2.6. (i) A flat family of ADHM sheaves on X parameterized by
S is an ADHM sheaf ES on XS with twisting data (M1)S , (M2)S and framing
data (E∞)S such that ES is flat over S. ES is a flat family of stable ADHM
sheaves on X if and the the restriction ES |Xs is a stable ADHM sheaf on Xs
for any point s ∈ S.
(ii) Two flat families of ADHM sheaves ES = (ES ,ΦS,1,2, φS , ψS) E
′
S =
(E′S ,Φ
′
S,1,2, φ
′
S , ψ
′
S) are isomorphic if they are isomorphic as ADHM sheaves
on XS.
As stated in Theorem (1.1), the groupoid defined by flat families of ADHM
sheaves on X with fixed Hilbert polynomial P is isomorphic to a quasi-
projective scheme MADHM (X , P ). This follows from [76, Thm. 2.9.2.44,
Thm. 2.9.2.45] where it is proven that there is quasi-projective coarse mod-
uli space parameterizing isomorphism classes of stable ADHM sheaves on
X with fixed Hilbert polynomial. Lemma (2.3) proves that stable ADHM
sheaves have trivial stabilizers, which implies that this is a fine moduli space
according to [42, Thm. 4.2.15].
3. Torus actions on the moduli space
Since the moduli spaces of stable ADHM sheaves are not proper, an alge-
braic torus action T with proper fixed loci will be required in order to obtain
a well defined residual theory in the sense of [16]. Moreover, the construction
of a T-equivariant perfect tangent-obstruction theory for the moduli space
as defined in [51, Def. 2.1] also requires an e´tale cover {Sα} consisting of
finitely many T-equivariant affine charts. The following lemma shows that
such actions can be naturally obtained using the GIT construction of the
moduli space given in [76, Sect. 2.9].
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Lemma 3.1. Let Z be a complex quasi-projective scheme equipped with an
ample line bundle L. Suppose T×Z → Z is an algebraic torus action on Z
and L is equipped with a T-linearization. Then there exists a Zariski open
cover of Z consisting of finitely many T-invariant affine open charts.
Proof. This result has been proven in [77, Sect. 3, Cor. 2]. There it
is assumed that Z is a normal variety in order to infer the existence of
an equivariant embedding into a projective space. This assumption is not
needed in the present case since the existence of a T-linearized ample line
bundle is already part of the assumptions. Then the proof is identical to the
proof of [77, Sect. 3, Cor. 2].

Now recall that the moduli space of stable ADHM sheaves has been con-
structed in [76, Thm. 2.9.2.44, Thm. 2.9.2.45] using GIT methods. In
fact, according to [76, Lemm. 2.9.2.43], the moduli problem for ADHM
sheaves reduces to special case of a more general moduli problem for deco-
rated bundles called twisted affine bumps studied in detail in [76, Sect.2.8].
The moduli problem is formulated in [76, Sect. 2.8.1] and the construction
of the parameter space for such decorated bundles is presented in detail in
[76, Sect. 2.8.3]. In particular there is a quasi-projective parameter scheme
R for stable ADHM sheaves equipped with an affine reductive group action
G× R→ R and a G-linearized line bundle L. Moreover the data (R,G,L)
determines an ample line bundle L on the GIT quotient MADHM (X , P ) ac-
cording to [58, Thm 1.10], [76, Rem. 1.4.3.9]. Since this construction is very
technical and relies on results in the previous sections of [76], the details
will not be reviewed here. It suffices to note that there are natural torus
actions on R acting linearly on the decoration data (Φ1,Φ2, φ, ψ) which lift
naturally to T-linearizations of L. Any such action then descends to a torus
action on the moduli space satisfying the conditions of lemma (3.1) with
respect to the ample line bundle L. Two examples are presented below.
Example 3.2. Let T = C××C× and define an action T×MADHM (X , P )→
MADHM (X , P ) by
(3.1) (ES ,ΦS,1,ΦS,2, φS , ψS)→ (ES , t1ΦS,1, t2ΦS,2, t1t2φS, ψS)
for any (t1, t2) ∈ T(S) and any flat family ES = (ES ,ΦS,1,ΦS,2, φS , ψS) of
stable ADHM sheaves.
Example 3.3. Suppose E∞ = ⊕
r∞
a=1La, where r∞ ∈ Z, r∞ ≥ 1, and La,
a = 1, . . . , r∞, are invertible OX -modules. Let T = C
× × C× × (C×)r∞−1.
There is a natural torus action
(C×)r∞−1 × E∞ → E∞
given by the identification of (C×)r∞−1 with the hypersurface
r∞∏
a=1
za = 1
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in (C×)r∞. This provides a (C×)r∞−1 action ξ∞ : (C
×)r∞−1 → Aut(E∞)
given by
ξ∞(z)|La = za1La
for any a = 1, . . . , r∞, where z = (za)a=1,...,r∞ ∈ (C
×)r∞−1. Using the above
presentation of the torus (C×)r∞−1, its characters will be denoted in the
following by m = (m1, . . . ,mr∞) ∈ Z
r∞.
If S is a scheme of finite type over C, we will denote by (ξ∞)S : (C
×)
r∞−1(S)→
Aut(ES) the relative version of this action. Then we have a natural torus
action on MADHM (X , P ) given by
(3.2)
(ES ,ΦS,1,ΦS,2, φS , ψS)→ (ES , t1ΦS,1, t2ΦS,2, t1t2(ξ∞)S(z)◦φS , ψS◦ξ∞(z)
−1)
for any (t1, t2, z) ∈ T(S) and any flat family ES = (ES ,ΦS,1,ΦS,2, φS , ψS)
of stable ADHM sheaves.
Remark 3.4. Note that the actions defined in Examples (3.2), (3.3) coin-
cide if E∞ is a line bundle on X.
The following proposition shows that the fixed loci of the action defined
in (3.3) are proper if X is a curve. In this case the Hilbert polynomial P is
determined by the rank r ≥ 1 and the degree e ∈ Z, and the moduli spaces
will be denoted by MADHM (X , r, e).
Proposition 3.5. Let X be a smooth projective curve over C, and suppose
E∞ = ⊕
r∞
a=1La as in Example (3.3). Then the fixed locus M(X , r, e)
T of the
torus action given in Example (3.3) is a projective scheme ver C.
Proof. The stack theoretic fixed locus for theT-action onMADHM (X , r, e)
can be determined using [72, Prop. 2,6], which will be briefly recalled below.
Let S be a scheme of finite type over C. A fixed point inMADHM (X , r, e)(S)
is a flat family of stable ADHM sheaves ES on XS equipped with an isomor-
phism of ADHM sheaves
ξS(t1, t2, z) : (ES ,ΦS,1,ΦS,2, φS , ψS)→ (ES , t1ΦS,1, t2ΦS,2, t1t2φS , ψS)
for each (t1, t2, z) ∈ T(S) satisfying a natural cocycle identity.
In particular, we have a group homomorphism ξS : T(S)→ Aut(ES) i.e.
a T(S)-action on ES . Therefore, according to [23], ES decomposes in a
direct sum of OXS -modules
(3.3) ES =
⊕
(n1,n2)∈Z2
⊕
m∈Zr∞
ES(n1, n2,m),
where only finitely many terms are nontrivial. An element (t1, t2, z) ∈ T(S)
acts by multiplication by tn11 t
n2
2 z
m1
1 . . . z
mr∞
r∞ on ES(n1, n2,m). Moreover
each direct summand ES(n1, n2,m) must be flat over S since ES is flat over
S.
By definition the restriction of ES to any fiber Xs, s ∈ S, is a stable
ADHM sheaf Es on the smooth projective curve Xs over the residual field
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k(s). Since ES is flat over S, the restriction ξS(t1, t2, z)|Xs is an isomorphism
of stable ADHM sheaves
ξs(t1, t2, z) : (Es,Φs,1,Φs,2, φs, ψs)→ (Es, t1Φs,1, t2Φs,2, t1t2φs, ψs).
Then the commutative diagrams (2.2) imply that the only nontrivial compo-
nents of Φs,1,Φs,2, φs, ψs with respect to the character decomposition (3.3)
are
(3.4)
Φs,1(n1, n2,m) : Es(n1, n2,m)⊗Xs (M1)s → Es(n1 + 1, n2,m)
Φs,2(n1, n2,m) : Es(n1, n2,m)⊗Xs (M2)s → Es(n1, n2 + 1,m)
φs(−1,−1, δ
a) : Es(−1,−1, δ
a)⊗Xs (M12)s → (La)s
ψs(a) : (La)s → Es(0, 0, δ
a),
where
δa = (0, 0, . . . , 0︸ ︷︷ ︸
a−1
,−1, 0, . . . , 0︸ ︷︷ ︸
r∞−a
)
for a = 1, . . . , r∞. In particular note that
Im(ψs) ⊆
r∞⊕
a=1
Es(0, 0, δ
a).
Moreover, the following relations must also be satisfied
(3.5)
Φs,2(n1 + 1, n2,m) ◦ (Φs,1(n1, n2,m)⊗ 1(M2)s) =
Φs,1(n1, n2 + 1,m) ◦ (Φs,2(n1, n2,m)⊗ 1(M1)s)
for any (n1, n2) ∈ Z
2
≥0 and any m ∈ Z
r∞ .
Then it follows from the first two equations in (3.4) that the canonical
destabilizing subsheaf (Es)0 constructed in Lemma (2.4) is a subsheaf of⊕
n1,n2≥0
r∞⊕
a=1
Es(n1, n2, δ
a).
Given the direct sum decomposition (3.3), where the terms are torsion free
sheaves, the stability condition implies that
Es(n1, n2,m) = 0
if n1 < 0 or n2 < 0 or m 6= δ
a. Otherwise, the saturation (Es)0 would be a
proper subsheaf of Es. Therefore we must have φs = 0 for any fixed ADHM
sheaf.
Taking into account relations (3.5), same argument implies that the sat-
urations
Im(Φs,1(n1, n2, δ
a)) ⊆ Es(n1 + 1, n2, δ
a)
Im(Φs,2(n1, n2, δ
a)) ⊆ Es(n1, n2 + 1, δ
a)
must be equal to Es(n1 + 1, n2, δ
a), respectively Es(n1, n2 + 1, δ
a) for any
(n1, n2) ∈ Z
2
≥0, and any a = 1, . . . , r∞. Moreover the saturation
Im(ψs(a)) ⊆ Es(0, 0, δ
a)
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must also be equal to Es(0, 0, δ
a) for any a = 1, . . . , r∞. Since (La)s, a =
1, . . . , r∞ are line bundles on Xs, and Xs is a smooth projective curve over
s, this implies that the data (Es(n1, n2, δ
a),Φs,i(n1, n2, a), ψs(a)) satisfy the
following conditions
(a) All nontrivial direct summands (Es(n1, n2, δ
a) in (3.3) are invertible
OXs-modules.
(b) The morphism of OXs-modules ψs(a) must be injective for all a =
1, . . . , r∞.
(c) The morphisms of OXs-modules Φs(n1, n2, δ
a) must be injective for
any a = 1, . . . , r∞ and any (n1, n2) ∈ Z
2
≥0 such that the target is
nontrivial.
(d) Relations (3.5) must be satisfied.
Note that the degree of each line bundle Es(n1, n2, δ
a) is constant along
each connected component of S since ES(n1, n2, δ
a) are flat over S. For sim-
plicity we will assume in the following that S is connected. The arguments
below generalize obviously to the case when S has several connected compo-
nents. Let e(n1, n2, a) = degES(n1, n2, δ
a). For each a = 1, . . . , r∞ let ∆a
the set of pairs (n1, n2) ∈ Z
× such that the direct summand ES(n1, n2, δ
a)
in (3.3) is nontrivial. Note that properties (b) and (c) above imply that for
fixed a the set ∆a ⊂ Z
2 of integral points (n1, n2) labeling the summands
ES(n1, n2, a) is naturally identified with a Young diagram embedded in the
first quadrant.
Since Theorem (1.1) proves that the stack MADHM (X , r, e) is isomorphic
to a quasi-projective scheme, the stack-theoretic fixed locus is isomorphic
to the scheme theoretic fixed locus [72, Rem. (3.4.ii)]. According to [22,
Prop. A.8.19(1)], the later is a closed subscheme of MADHM (X , r, e) since
MADHM (X , r, e) is quasi-projective, in particular separated, over C. Given
the above structure results, it follows that the functor of points of each
connected component ofMADHM (X , r, e)
T is isomorphic to a direct product
of moduli functors Z∆,e as defined below.
For any Young diagram ∆ ⊂ Z2, any fixed line bundle L on X of degree d,
and any set of integers e = {e(n1, n2) ∈ Z | (n1, n2) ∈ ∆} as above let Z∆,e
be the moduli functor assigning to a scheme S over C the set of isomorphism
classes of data
LS = (LS(n1, n2),ΦS,1(n1, n2),ΦS,2(n1, n2), ψS) ,
with (n1, n2) ∈ ∆, satisfying the following conditions .
(c.1) LS(n1, n2) is a line bundle onXS , such that the degree of LS(n1, n2)|Xs
is e(n1, n2) for any s ∈ S.
(c.2) ΦS,1(n1, n2) : LS(n1, n2)⊗XS (M1)S → LS(n1+1, n2), ΦS,2(n1, n2) :
LS(n1, n2) ⊗XS (M2)S → LS(n1, n2 + 1), ψS : (L)S → LS(0, 0) are
morphisms of OXS -module
16 D.-E. DIACONESCU
(c.3) The restrictions of the morphisms ΦS,1(n1, n2),ΦS,2(n1, n2), ψS , (n1, n2) ∈
∆, to Xs are injective morphisms of OXs modules whenever their
target is nontrivial, for any point s ∈ S.
(c.4) ΦS,2(n1+1, n2)◦(ΦS,1(n1, n2)⊗1(M2)S ) = ΦS,1(n1, n2+1)◦(ΦS,2(n1, n2)⊗
1(M1)S ) for any (n1, n2) ∈ ∆. Here a morphism ΦS,i(n1, n2), i = 1, 2
is by convention identically zero if (n1, n2) /∈ ∆.
Two such data LS ,L
′
S are isomorphic if there exist isomorphisms
ξS(n1, n2) : LS(n1, n2, a)
∼
−→L′S(n1, n2, a)
of line bundles on XS satisfying the obvious compatibility conditions with
the decoration data. Note that condition (c.1) does not explicitely require
LS to be flat over S since this is automatically satisfied. LS is flat over XS
since it is locally free, and XS is flat over S since XS = X × S.
Therefore in order to complete the proof of Proposition 3.5 it suffices to
show that each moduli functor Z∆,e is isomorphic to a projective scheme. In
fact it will be identified with a closed subscheme of a product of symmetric
powers of X.
Let di = deg(Mi), i = 1, 2. Note that the data LS satisfying (c.1)-
(c.4) is empty unless d ≤ e(0, 0), e(n1, n2) ≤ e(n1 + 1, n2) − d1 for all
(n1, n2) ∈ ∆ such that (n1 + 1, n2) ∈ ∆, and e(n1, n2) ≤ e(n1, n2 + 1) − d2
for all (n1, n2) ∈ ∆ such that (n1, n2 + 1) ∈ ∆. These conditions will be
assumed in the following. Then let S∆,e(X) denote the following direct
product
(3.6)
S∆,e(X) = S
e(0,0)−d(X)× X
(n1,n2)∈∆
(n1+1,n2)∈∆
Se(n1+1,n2)−e(n1,n2)−d1(X)×
X
(n1,n2)∈∆
(n1,n2+1)∈∆
Se(n1,n2+1)−e(n1,n2)−d2(X)
where Sn(X), n ≥ 0, denotes the n-th symmetric product of X. S∆,e(X) is
a moduli space of collections of effective divisors (D,D1(n1, n2),D2(n1, n2))
on X, where the notation is self-explanatory. More precisely, S∆,e(X) is a
fine moduli space for the moduli functor assigning to any scheme S over C a
collection (DS ,DS,1(n1, n2),DS,2(n1, n2)) of effective Cartier divisors on XS
such that the structure sheaves ODS , ODS,i(n1, n2), i = 1, 2, are flat over S,
and their restrictions to any fiber Xs, s ∈ S, yield a collection of effective
Cartier divisors of XS of fixed degrees determined by (3.6).
Next note that there is a morphism of moduli functors ̺ : Z∆,e → S∆,e(X)
where S∆,e(X) is identified as usual with its functor of points. Given any
set of data LS satisfying conditions (c.1)-(c.4) consider the Cartier divisors
(DS ,DS,1(n1, n2),DS,2(n1, n2)) on XS such that DS is determined by
ψS ∈ H
0(XS , (L)
−1
S ⊗ LS(0, 0)) \ {0},
DS,1(n1, n2) is determined by
ΦS,1(n1, n2) ∈ H
0(XS , (LS(n1, n2)⊗XS (M1)S)
−1 ⊗ LS(n1 + 1, n2)) \ {0}
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for any (n1, n2) ∈ ∆ such that (n1 + 1, n2) ∈ ∆, and DS,2(n1, n2) is deter-
mined analogously. It is clear that the resulting divisors depend only on the
isomorphism class of LS. Moreover, for any point s ∈ S, the morphisms
ΦS,1(n1, n2)|Xs ,ΦS,2(n1, n2)|Xs , ψS |Xs , (n1, n2) ∈ ∆, are injective. This im-
plies that the structure sheaves ODS , ODS,i(n1, n2), i = 1, 2 are flat over S.
(See for example [42, Lemm. 2.1.4].) Therefore this assignment defines a
morphism ̺ as claimed above.
Furthermore, for any LS , the divisors (DS ,DS,1(n1, n2),DS,2(n1, n2)) sat-
isfy the relations
(3.7) DS,2(n1 + 1, n2) +DS,1(n1, n2) = DS,1(n1, n2 + 1) +DS,2(n1, n2).
Since the relations (3.7) are closed conditions, they determine a closed sub-
scheme S′∆,e(X) ⊂ S∆,e(X). It will be shown next that the morphism ̺
determines an isomorphism Z∆,e
∼
−→S′∆,e(X).
First note that if two families LS,L
′
S determine the same collection of
divisors on XS , it is straightforward to check that they must be isomorphic.
Next let (DS ,DS,1(n1, n2),DS,2(n1, n2)) be a collection of Cartier divisors
on XS satisfying (3.7), such that their structure sheaves are flat over S, and
their restrictions to each fiber Xs are Cartier divisors of degrees specified by
(3.6). Then one can reconstruct the family LS up to isomorphism as follows.
Let (n1, n2) ∈ ∆\{(0, 0)}. Choose an ordered sequence (n1,j , n2,j) ∈ ∆, j =
0, . . . , n1 + n2 such that (n1,0, n2,0) = (0, 0), (n1,n1+n2 , n2,n1+n2) = (n1, n2),
and
n1,j+1 ≥ n1,j, n2,j+1 ≥ n2,j, |n1,j+1 − n1,j|+ |n2,j+1 − n2,j| = 1
for any j = 0, . . . , n1 + n2 − 1. For each j = 0, . . . , n1 + n2 − 1, let
ǫj =
{
1 if |n1,j+1 − n1,j| = 1, |n2,j+1 − n2,j| = 0
2 if |n1,j+1 − n1,j| = 0, |n2,j+1 − n2,j| = 1.
Intuitively, such a collection determines an ascending zig-zag path from (0, 0)
to (n1, n2) in R
2 consisting of a sequence of horizontal or vertical unit seg-
ments joining successive points in ∆. Then set
D˜S(n1, n2) = DS +
n1+n2−1∑
j=0
DS,ǫj(n1,j, n2,j).
If (n1, n2) = (0, 0) set D˜S(0, 0) = DS . Note that relations (3.7) imply
that D˜S(n1, n2) is independent of the collection (n1,j, n2,j) ∈ ∆ used in the
construction. Note also that there are n1 values of j ∈ {0, . . . , n1 + n2 − 1}
such that ǫj = 1 and n2 values of j such that ǫj = 2.
For any (n1, n2) ∈ ∆ \ {(0, 0)} let
LS(n1, n2) = OXS (D˜S(n1, n2))⊗XS (M1)
n1
S ⊗XS (M2)
n2
S ⊗XS (L)S ,
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and let LS(0, 0) = OXS (D˜S(0, 0)) ⊗XS (L)S . By construction, for each
(n1, n2) ∈ ∆ such that (n1 + 1, n2) ∈ ∆ there exists a nontrivial section
σS,1(n1, n2) ∈ H
0(XS , LS(n1 + 1, n2)⊗XS LS(n1, n2)
−1)
whose zero locus isDS,1(n1, n2), and for each (n1, n2) ∈ ∆ such that (n1, n2+
1) ∈ ∆ there exists a nontrivial section
σS,2(n1, n2) ∈ H
0(XS , LS(n1, n2 + 1)⊗XS LS(n1, n2)
−1)
whose zero locus is DS,2(n1, n2). Moreover, given relations (3.7), these sec-
tions can be chosen such that
σS,2(n1 + 1, n2)⊗ σS,1(n1, n2)) = σS,1(n1, n2 + 1)⊗ σS,2(n1, n2).
Choose also a section σS(0, 0) of OXS (D˜S(0, 0)) defining D˜S(0, 0). The sec-
tions σS(0, )), σS,i(n1, n2), i = 1, 2 determine morphisms ψS , ΦS,i(n1, n2),
i = 1, 2 satisfying properties (c.2) − (c.4) Therefore this construction deter-
mines a set of data LS. The choice of sections is not canonical, but it is
straightforward to check that different choices result in isomorphic data LS.
Therefore one obtains indeed an isomorphism between Z∆e and S
′
∆,e(X).
In conclusion, each connected components of the fixed locusMADHM (X , r, e)
T
is isomorphic to a product
r∞
X
a=1
S′∆a,ea(X)
for some Young diagrams ∆a, a = 1, . . . , r∞ and some numerical invariants
ea = {e(n1, n2, a) | (n1, n2) ∈ ∆a} such that
r∞∑
a=1
|∆a| = r,
r∞∑
a=1
∑
(n1,n2)∈∆a
e(n1, n2, a) = e.

4. Deformation Theory of ADHM Sheaves on Curves
In this section we provide some basic results in the deformation theory
of ADHM sheaves on curves. Therefore in the following X will be a fixed
smooth projective curve over C of genus g. Our main references for defor-
mation theory are [4], [5], [52].
The following observation will be very useful throughout this section.
Lemma 4.1. Suppose X is a smooth complex projective curve. Let ES be a
flat family of stable ADHM sheaves on X parameterized by a scheme S of
finite type over C. Then ES is a locally free OXS -module.
Proof. Since ES is a flat family of stable ADHM sheaves, it follows that
ES|Xs is a torsion free OX -module, for any point s ∈ S. Since X is a smooth
projective curve, this implies that ES |Xs is locally free. Then Lemma (4.1)
follows from [42, Lemma 2.1.7] since ES is flat over S.

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4.1. Deformation Complex. Let S be a scheme of finite type over C. In
the following we will call a nilpotent thickening of S a scheme S′ of finite
type over C such that
• S′ is a scheme over S
• there is closed embedding S ⊂ S′ of schemes over S such that the
defining ideal sheaf I of S in S′ is nilpotent. In particular there is a
commutative diagram of morphisms of schemes
(4.1) S 
 //
1S ❅
❅
❅
❅
❅
❅
❅
❅
S′
πS′/S

S
where the horizontal top arrow is a closed embedding and 1S : S → S
is the identity.
Note that if these conditions are satisfied, the projection πS′/S : S
′ →
S is a finite morphism. Therefore it follows from the base change theo-
rem that higher direct images vanish and πS′/S∗ is an exact functor from
OS′-modules to OS-modules. Moreover, the induced projection (πS′/S)X :
XS′ → XS satisfies the same properties. For simplicity we will not explicitly
write ((πS′/S)X)∗ in the following. Given a OXS′ -module F we will denote
((πS′/S)X)∗F also by F regarded as an OXS -module. The same conventions
will apply to morphisms of OXS′ -modules. In particular we have a canonical
exact sequence of OS-modules
0→ I → OS′ → OS → 0.
Diagram (4.1) implies that this exact sequence is split and also determines
a splitting OS-modules OS′ ≃ OS ⊕ I. In the following we will identify
OS′ = OS ⊕ I as OS-modules.
Given a coherent OS-module I, the trivial nilpotent thickening of S de-
termined by I is the nilpotent thickening S′ so that OS′ = OS ⊕ I as OS-
modules, the ring structure of OS′ being determined by
(4.2) (s, x) · (s′, x′) = (ss′, sx+ s′x′)
for any local sections s, s′ of OS and x, x
′ of I. In particular I2 = 0 with
respect to the multiplicative structure of OS′ .
Definition 4.2. (i) Let ES be a flat family of stable ADHM sheaves on X
parameterized by a scheme S of finite type over C and let S′ be a nilpotent
thickening of S. An extension of ES to S
′ is a flat family ES′ of stable ADHM
sheaves on X such that ES′ ⊗S′ OS = ES.
(ii) Two extensions E
(1)
S′ , E
(2)
S′ of ES to S
′ are equivalent if there exists an
isomorphism ξS′ : E
(1)
S′ → E
(2)
S′ of ADHM sheaves on XS′ such that ξS′ |XS =
1ES .
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Definition 4.3. Let E
(1)
S , E
(2)
S be two flat families of ADHM sheaves on X
parameterized by a scheme S of finite type over C and let I be a coherent OS-
module. We define the complex C(E
(1)
S , E
(2)
S , I) to be the following complex
of OXS -modules
(4.3)
0→ HomXS(E
(1)
S , E
(2)
S ⊗XS I)
d1−→
HomXS(E
(1)
S ⊗XS (M1)S , E
(2)
S ⊗XS I)
⊕
HomXS(E
(1)
S ⊗XS (M2)S , E
(2)
S ⊗XS I)
⊕
HomXS(E
(1)
S ⊗XS (M12)S , (E∞)S ⊗XS I)
⊕
HomXS((E∞)S , E
(2)
S ⊗XS I)
d2−→HomXS (E
(1)
S ⊗XS (M12)S , E
(2)
S ⊗XS I)→ 0,
where
d1(α) =
t(− α ◦Φ
(1)
S,1 + (Φ
(2)
S,1 ⊗ 1I) ◦ (α⊗ 1(M1)S ),
− α ◦Φ
(1)
S,2 + (Φ
(2)
S,2 ⊗ 1I) ◦ (α⊗ 1(M2)S ),
(φ
(2)
S ⊗ 1I) ◦ (α⊗ 1(M12)S ),−α ◦ ψ
(1)
S )
for any local section α of HomXS (E
(1)
S , E
(2)
S ⊗XS I), and
d2(β1, β2, γ, δ) =β1 ◦ (Φ
(1)
S,2 ⊗ 1(M1)S )− (Φ
(2)
S,2 ⊗ 1I) ◦ (β1 ⊗ 1(M2)S )
− β2 ◦ (Φ
(1)
S,1 ⊗ 1(M2)S ) + (Φ
(2)
S,1 ⊗ 1I) ◦ (β2 ⊗ 1(M1)S )
+ (ψ
(2)
S ⊗ 1I) ◦ γ + δ ◦ φ
(1)
S
for any local sections (β1, β2, γ, δ) of
HomXS (E
(1)
S ⊗XS (M1)S , E
(2)
S ⊗XS I)⊕HomXS (E
(1)
S ⊗XS (M2)S , E
(2)
S ⊗XS I)
⊕HomXS (E
(1)
S ⊗XS (M12)S , (E∞)S ⊗XS I)⊕HomXS ((E∞)S , E
(2)
S ⊗XS I).
The degrees of the terms of (4.3) are 0, 1, 2 respectively.
In the following we will use the following notation conventions.
• If I = OS, we will denote C(E
(1)
S , E
(2)
S , I) by C(E
(1)
S , E
(2)
S ).
• If E
(1)
S = E
(2)
S = ES, we will denote C(E
(1)
S , E
(2)
S , I) by C(ES , I).
• If E
(1)
S = E
(2)
S = ES and I = OS, we will denote C(E
(1)
S , E
(2)
S , I) by
C(ES).
Remark 4.4. Under the conditions of Definition (4.3), suppose S′ is a
nilpotent thickening of S and I is the ideal sheaf of S in S′. Let ES be a
flat family of stable ADHM sheaves on X parameterized by S, and let ES′ be
an extension of ES to S. Then the ADHM sheaf ES′ has a natural structure
of ADHM sheaf on XS as explained above Definition (4.2). Therefore we
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can take E
(1)
S = ES, E
(2)
S = ES′ in Definition (4.3) obtaining a complex
C(ES , ES′ , I) of OXS -modules.
Proposition 4.5. (i) Let ES be a flat family of stable ADHM sheaves on
X parameterized by a separated scheme S of finite type over C, let S′ be a
nilpotent thickening of S and let ES′ be an extension of ES to S
′. Then ES′
determines a hypercohomology class e(ES , ES′ , I) ∈ H
1(XS , C(ES , ES′ , I)).
(ii) Let E
(1)
S′ , E
(2)
S′ be two extensions of ES to S
′. Let ξS′ : E
(1)
S′ → E
(2)
S′ be
a morphism of ADHM sheaves on XS′ such that ξS′|XS = 1ES . Then there
are natural induced morphisms of hypercohomology groups
(4.4) ξkS′∗ : H
k(XS , C(ES , E
(1)
S′ , I))→ H
k(XS , C(ES , E
(2)
S′ , I)),
with k ∈ Z≥0, such that
ξ1S′∗(e(ES , E
(1)
S′ , I)) = e(ES , E
(2)
S′ , I)
Proof. Suppose ES′ = (ES′ ,ΦS′,1,2, φS′ , ψS′) is such an extension. Since
ES′ is a locally free OXS′ -module according to Lemma (4.1), we have an
exact sequence of OXS′ -modules
0→ ES′ ⊗XS′ I → ES′ → ES → 0
which yields an exact sequence of OXS -modules
(4.5) 0→ ES′ ⊗XS I
ιS−→ES′ → ES → 0.
Since OS′ = OS ⊕ I, as OS-modules, we also have a canonical identification
(E∞)S′ = (E∞)S ⊕ (E∞)S′ ⊗XS I
as OXS -modules. By construction the following morphisms of OXS -modules
are obviously trivial
(4.6)
ES′ ⊗XS (Mi)S ⊗XS I

 // ES′ ⊗XS (Mi)S
ΦS′,i // ES′ // // ES
ES′ ⊗XS (M12)S ⊗XS I

 // ES′ ⊗XS (M12)S
φS′ // (E∞)S′ // // (E∞)S
(E∞)S′ ⊗XS I

 // (E∞)S′
ψS′ // ES′ // // ES,
where i = 1, 2.
The extension of OXS -modules (4.5) determines an extension class in
Ext1XS(ES , ES′ ⊗XS I). Since ES is locally free according to Lemma (4.1),
we have
Ext1XS (ES , ES′ ⊗XS I) ≃ H
1(XS ,HomXS(ES , ES′ ⊗XS I)).
Since S is separated and of finite type over C, there exists an affine Cˇech
cover US = {US,α} of XS . Given an open embedding, US,α1...αq ⊂ US,α1...αp
with p < q, we will denote the restriction of any OUS,α1...αp -module or mor-
phism of OUS,α1...αp -modules to US,α1...αq by a subscript (α1 . . . αq).
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By restriction to each affine open subset US,α ⊂ XS , the morphisms of
OXS -modules ΦS,i, φS , ψS yield Cˇech 0-cocycles {(ΦS,i)α}, {(φS)α}, {(ψS)α}.
Next note that the restriction of the extension (4.5) to any affine open
subset US,α is trivial since ES is a locally free OXS -module. Therefore we
can choose local splittings
(4.7) 0 // (ES′ ⊗XS I)α
// (ES′)α
,,
(ES)α
ηα
mm // 0,
where η = {ηα} ∈ C
0(US ,HomXS(ES , ES′)). Then
e = {eαβ} = {(δη)αβ} ∈ C
1(US ,HomXS(ES , ES′ ⊗XS I))
is a 1-cocycle representing the extension class determined by (4.5).
The local splittings {ηα} determine local isomorphisms
ηα ⊕ (ιS)α : ES ⊕ (ES′ ⊗XS I)α
∼
−→(ES′)α
where ιS : ES′ ⊗XS I → ES′ is the canonical injection of OXS modules in
(4.5). Moreover, we have commutative diagrams of OUS,α modules of the
form
(4.8)
(ES ⊕ ES′ ⊗XS I)α ⊗US,α ((Mi)S)α
(ηα⊕(ιS)α)⊗1((Mi)S)α //
(Λα)i

(ES′)α ⊗US,α ((Mi)S)α
(ΦS′,i)α

(ES ⊕ ES′ ⊗XS I)α
ηα⊕(ιS)α // (ES′)α
(ES ⊕ ES′ ⊗XS I)α ⊗US,α ((M12)S)α
(ηα⊕(ιS)α)⊗1((M12)S )α //
λα

(ES′)α ⊗US,α ((M12)S)α
(φS′)α

((E∞)S)α ⊕ ((E∞)S′ ⊗XS I)α
1((E∞)S )α⊕1((E∞)S′⊗XS
I)α
// ((E∞)S)α ⊕ ((E∞)S′ ⊗XS I)α
((E∞)S)α ⊕ ((E∞)S′ ⊗XS I)α
1((E∞)S )α⊕1((E∞)S′⊗XS
I)α
//
ρα

((E∞)S)α ⊕ ((E∞)S′ ⊗XS I)α
(ψS′)α

(ES ⊕ ES′ ⊗XS I)α
ηα⊕(ιS)α // (ES′)α
for i = 1, 2. Since the morphisms (4.6) are trivial, {Λα}, {λα}, {ρα} are
0-cochains of the form
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(4.9)
(Λα)i =
(
(ΦS,i)α 0
(Φ˜α)i (ΦS′,i)α ⊗ 1Iα
)
∈ C0(US ,HomXS ((ES ⊕ ES′ ⊗XS I)⊗XS (Mi)S ,
ES ⊕ ES′ ⊗XS I))
λα =
(
(φS)α 0
φ˜α (φS′)α ⊗ 1Iα
)
∈ C0(US ,HomXS ((ES ⊕ ES′ ⊗XS I)⊗XS (M12))S ,
(E∞)S ⊕ (E∞)S′ ⊗XS I))
ρα =
(
(ψS)α 0
ψ˜α (ψS′)α ⊗ 1Iα
)
∈ C0(US ,HomXS ((E∞)S ⊕ (E∞)S′ ⊗XS I,
ES ⊕ ES′ ⊗XS I)),
with i = 1, 2, satisfying the conditions listed below. First, we have gluing
conditions
(4.10)
(gS)αβ((Λβ)i)αβ = ((Λα)i)αβ(gS,i)αβ
((g∞)S)αβ(λβ)αβ = (λα)αβ(gS,12)αβ
(gS)αβ(ρβ)αβ = (ρα)αβ((g∞)S)αβ ,
where
(gS)αβ =
(
1(ES)αβ 0
(eS)αβ 1(ES′⊗XS I)αβ
)
(gS,i)αβ =
(
1(ES)αβ ⊗ 1((Mi)S)αβ 0
(eS)αβ ⊗ 1((Mi)S)αβ 1(ES′⊗XS I)αβ ⊗ 1((Mi)S)αβ
)
(gS,12)αβ =
(
1(ES)αβ ⊗ 1((M12)S)αβ 0
(eS)αβ ⊗ 1((M12)S)αβ 1(ES′⊗XS I)αβ ⊗ 1((M12)S)αβ
)
((g∞)S)αβ =
(
1((E∞)S)αβ 0
0 1((E∞)S′⊗XS I)αβ
)
for i = 1, 2. In addition, the ADHM relation
ΦS′,1 ◦ (ΦS′,2 ⊗ 1(M1)S )− ΦS′,2 ◦ (ΦS′,1 ⊗ 1(M2)S ) + ψS′ ◦ φS′ = 0
is equivalent to the following condition
(4.11)
Φ˜1(ΦS,2 ⊗ 1(M1)S )− (ΦS′,2 ⊗ 1I)(Φ˜1 ⊗ 1(M2)S )
− Φ˜2(ΦS,1 ⊗ 1(M2)S ) + (ΦS′,1 ⊗ 1I)(Φ˜2 ⊗ 1(M1)S )
+ (ψS′ ⊗ 1I)φ˜+ ψ˜φS = 0.
A simple computation shows that the conditions (4.10) are equivalent to
(4.12)
δ(Φ˜S,i) = −eΦS,i + (ΦS′,i ⊗ 1I)(e⊗ 1(Mi)S )
δ(φ˜S) = (φS′ ⊗ 1I)(e⊗ 1(M12)S )
δ(ψ˜S) = −eψS ,
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where i = 1, 2.
Note that equations (4.11), (4.11) imply that the collection of cochains(
e, Φ˜1, Φ˜2, φ˜, ψ˜
)
defines a 1-cocycle in the total hypercohomology complex
associated to the complex of OS-modules (4.3), i.e. we have
δ(e) = 0 d1(e) − δ(Φ˜1,2, φ˜, ψ˜) = 0 d2(Φ˜1,2, φ˜, ψ˜) = 0.
Next suppose we make a different choice of local splittings {η′α} in (4.7).
Then note that the difference {γα = η
′
α − ηα} is a 0-cochain
{γα} ∈ C
0(US ,HomXS(ES , ES′ ⊗XS I)).
An elementary computation shows that the cocycle e and the cochains
(Φ˜i, φ˜, ψ˜) change as follows
e′ − e = δ(γ)
Φ˜′i − Φ˜i, = −γΦS,i + (ΦS′,i ⊗ 1I)(γ ⊗ 1(Mi)S )
φ˜′ − φ˜ = (φS′ ⊗ 1I)(γ ⊗ 1(M12)S )
ψ˜′ − ψ˜ = −γψS ,
for i = 1, 2. Therefore it follows that the hypercohomology 1-cocycle
(
e, Φ˜1, Φ˜2, φ˜, ψ˜
)
changes by a coboundary in the total hypercohomology complex associated
to (4.3), that is
e′ − e = δ(γ)(
Φ˜1,2, φ˜, ψ˜
)′
−
(
Φ˜1,2, φ˜, ψ˜
)
= d1(γ).
This proves Proposition (4.5.i). The required hypercohomology class is
e(ES , ES′ , I) =
[(
e, Φ˜1, Φ˜2, φ˜, ψ˜
)]
.
In order to prove (4.5.ii) let E
(1)
S′ , E
(2)
S′ be extensions of ES to S
′, and
let ξS′ : E
(1) → E(2) be a morphism of ADHM sheaves on X such that
ξS′ |S = 1ES . Since ξS′ is a morphism of ADHM sheaves, it induces a natural
morphism of complexes of OXS -modules
ξS′∗ : C(ES , E
(1)
S′ , I)→ C(ES , E
(2)
S′ , I)
which induces in turn the morphisms (4.4).
It remains to check that ξ1S′∗ maps the class e(ES , E
(1)
S′ , I) to e(ES , E
(2)
S′ , I).
Let {η
(1)
α } ∈ C0(US ,HomXS(ES , E
(1)
S′ )) be local splittings as in (4.7) for
the extension (4.5) with ES′ = E
(1)
S′ . Since ξS′ |S = 1ES , the 0-cochain
{η
(2)
α } ∈ C0(US ,HomXS (ES , E
(2)
S′ )),
η(2)α = (ξS′)α ◦ η
(1)
α
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provides analogous local splittings for the extension (4.5) with ES′ = E
(2)
S′ .
In particular this implies that
e(2) = ξS′ ◦ e
(1)
Moreover we have commutative diagrams of OUS,α modules
(4.13) (ES ⊕ E
(1)
S′ ⊗XS I)α
η
(1)
α ⊕ι
(1)
α //
1(ES )α⊕((ξS′ )α⊗1Iα )

E
(1)
S′
(ξS′)α

(ES ⊕ E
(2)
S′ ⊗XS I)α
η
(2)
α ⊕ι
(1)
α // E
(2)
S′
in which the horizontal arrows are isomorphisms. Then, using the commu-
tative diagrams (4.8), (4.13) and the fact that ξS′ is a morphism of ADHM
sheaves, a routine computation yields the following relations
((ξS′)α ⊗ 1Iα) ◦ (Φ˜
(1)
α )i = (Φ˜
(2)
α )i
φ˜(1)α = φ˜
(2)
α
((ξS′)α ⊗ 1Iα) ◦ ψ˜
(1)
α = ψ˜
(2)
α .
Obviously, these relations hold for any choice of local splittings {η
(1)
α }.
Since ξS′ is a global morphism of ADHM sheaves, this implies that indeed
ξ1S′∗(e(ES , E
(1)
S′ , I)) = e(ES , E
(2)
S , I).

Remark 4.6. Under the hypotheses of Proposition (4.5.i), suppose S′ is
the trivial nilpotent thickening of S determined by a coherent OS-module I.
Then we have a canonical isomorphism C(ES , ES′ , I) ≃ C(ES , I) since I
2 = 0
in the ring structure of OS′, therefore ES′ ⊗XS I ≃ ES ⊗XS I. In particular,
in this case the complex C(ES , ES′ , I) is independent of ES′ .
A straightforward consequence of Proposition (4.5) is the following state-
ment analogous to [80, Lemma 3.4].
Corollary 4.7. Let ES be a flat family of stable ADHM sheaves on X param-
eterized by an affine scheme S of finite type over C, and let S′ be the trivial
nilpotent thickening of S determined by a coherent OS-module I. Then there
is a one-to-one correspondence between equivalence classes of extensions ES′
of ES to S
′ and hypercohomology classes in H1(XS , C(ES , I)).
Proof. Given the explicit construction of the extension class e(ES , ES′ , I) ∈
H
1(XS , C(ES , I)) in Proposition (4.5.i) the proof of Corollary (4.7) is straight-
forward and details will be omitted.

Next let us determine the obstructions in the deformation theory of sta-
ble ADHM sheaves. Recall [4], [52] that a standard deformation situation
consists of a sequence of closed embeddings of schemes over S
(4.14) S ⊂ S′ ⊂ S′′,
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where S is a scheme of finite type over C, and S′, S′′ are nilpotent thickenings
of S. We will assume in the following that S is also separated over C.
Let IS⊂S′ , IS⊂S′′ , IS′⊂S′′ be the ideal sheaves corresponding to the closed
embeddings S ⊂ S′, S ⊂ S′′ and S′ ⊂ S′′ respectively. We will assume that
that IS⊂S′′ · IS′⊂S′′ = 0 in OS′′ , hence in particular I
2
S′⊂S′′ = 0. Therefore
IS′⊂S′′ has an OS-module structure, and we have an exact sequence of OS-
modules
(4.15) 0→ IS′⊂S′′ → IS⊂S′′ → IS⊂S′ → 0.
Suppose we have a flat family ES′ of stable ADHM sheaves on X pa-
rameterized by S′, which restricts to a given family ES over S. Recall that
ES, ES′ are locally free OXS , respectively OXS′ -modules. Moreover, since
the projection morphism S′ → S is finite, the base change theorem implies
that ES′ is also a locally free OXS -module. Then the exact sequence of
OS-modules (4.15) yields an exact sequence of complexes of OXS -modules
(4.16) 0→ C(ES , ES′ , IS′⊂S′′)→ C(ES , ES′ , IS⊂S′′)→ C(ES , ES′ , IS⊂S′)→ 0.
Note that we have a canonical isomorphism
C(ES , ES′ , IS′⊂S′′) ≃ C(ES , ES , IS′⊂S′′)
of OS-modules since I
2
S′⊂S′′ = 0. Therefore (4.16) yields a long exact se-
quence of hypercohomology groups which reads in part
(4.17)
· · · → H1(XS , C(ES , ES′ , IS⊂S′′))→ H
1(XS , C(ES , ES′ , IS⊂S′))
∂
−→H2(XS , C(ES , ES , IS′⊂S′′))→ · · ·
According to Proposition (4.5.i), the data (ES , ES′ , IS⊂S′) determines a hy-
percohomology class e(ES , ES′ , IS⊂S′) ∈ H
1(XS , C(ES , ES′ , IS⊂S′).
Definition 4.8. Given a deformation situation (4.14), a flat family ES and
an extension ES′ to S
′, we define the obstruction class
ob(ES′ , S
′, S′′) ∈ H2(XS , C(ES , ES , IS′⊂S′′))
to be
ob(ES′ , S
′, S′′) = ∂(e(ES , ES′ , IS⊂S′)).
Proposition 4.9. ES′ can be extended to a flat family of stable ADHM
sheaves on X parameterized by S′′ if and only if ob(ES′ , S
′, S′′) = 0.
Proof. This statement follows from Proposition (4.5) by an argument
analogous to [80, Prop. 3.13] to which we refer the reader for more details.

The main technical lemma needed in the proof of virtual smoothness is
the following vanishing result.
Lemma 4.10. Suppose X is a smooth projective curve over C, and let E be
a stable ADHM sheaf on X. Then Hi(X, C(E)) = 0, for all i ≥ 3 and for all
i ≤ 0.
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Proof. Let us first prove vanishing for i ≥ 3. C(E) is obtained by setting
S = Spec(C) and I = OS in Definition (4.3). Since the degrees of the
three terms in (4.3) are 0, 1, 2 respectively, it follows that all terms Ep,q1 ,
p + q ≥ 4 in the standard hypercohomology spectral sequence are trivially
zero. Therefore Hi(X, C(E)) = 0 for i ≥ 4. Moreover, the only nonzero term
on the diagonal p+ q = 3 is
E2,11 = H
1(X,HomX(E ⊗X M12, E)).
Let d1,11 : E
1,1
1 → E
2,1
1 be the differential in the first term of the spectral
sequence. We claim that this map is surjective if E is stable. It suffices to
prove that the dual map (d1,11 )
∨ : (E2,11 )
∨ → (E1,11 )
∨ is injective. Using Serre
duality, the dual differential is a linear map
HomX(E,E ⊗M12 ⊗X KX)
(d1,11 )
∨
//
HomX(E,E ⊗X M1 ⊗X KX)
⊕
HomX(E,E ⊗X M2 ⊗X KX)
⊕
HomX(E∞, E ⊗X M12 ⊗X KX)
⊕
HomX(E,E∞ ⊗X KX)
which maps a global homomorphism α ∈ HomX(E,E ⊗X M12 ⊗X KX) to
t(−(α⊗ 1M−12
) ◦ Φ2 + (Φ2 ⊗ 1M1 ⊗ 1KX ) ◦ α,
(α⊗ 1M−11
) ◦Φ1 − (Φ1 ⊗ 1M2 ⊗ 1KX ) ◦ α,
α ◦ ψ, (φ⊗ 1KX ) ◦ α).
If α ∈ Ker((d1,11 )
∨), it follows that Ker(α) is Φ-invariant and Im(ψ) ⊆
Ker(α). Moreover, since α is a morphism of locally free sheaves, Ker(α) must
be saturated subsheaf of E. Then the stability of E implies that Ker(α) = E,
hence α = 0. This proves the claim.
The second assertion is trivial for i < 0. The case i = 0 follows again
from the stability of E by an identical argument. 
4.2. ADHM Sheaves with Trivial Framing. We conclude this section
with some specific results for ADHM sheaves with E∞ = OX . Under the
conditions of Definition (4.3) note that we have a morphism of OXS -modules
HomXS ((E∞)S , (E∞)S⊗XSI)
κ
−→
HomXS(E
(1)
S ⊗XS (M12)S , (E∞)S ⊗XS I)
⊕
HomXS((E∞)S , E
(2)
S ⊗XS I)
given by
α∞ →
t(−α∞ ◦ φ
(1)
S , (ψ
(2)
S ⊗ 1I) ◦ α∞)
for any local section α∞ of HomXS ((E∞)S , (E∞)S ⊗XS I). Moreover, it is
straightforward to check that d2 ◦ κ = 0, therefore κ yields a morphism of
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complexes
(4.18) HomXS ((E∞)S , (E∞)S ⊗XSI)[−1]
κ[−1]
// C(E
(1)
S , E
(2)
S , I).
Let
(4.19) C˜(E
(1)
S , E
(2)
S , I) = Cone(κ[−1]).
Using notation conventions analogous to Definition (4.3), we will denote
C˜(ES , ES , I) by C˜(ES , I) and C˜(E
(1)
S , E
(2)
S ,OS) by C˜(E
(1)
S , E
(2)
S ). If I = OS ,
C˜(ES , I) will be denoted by C˜(ES).
Note that there is a canonical 0-th hypercohomology class 1ES ∈ H
0(XS , C˜(ES))
determined by the pair(
1ES , 1(E∞)S
)
∈ H0(XS ,HomXS(ES , ES))⊕H
0(XS ,HomXS ((E∞)S , (E∞)S))
It is straightforward to check that
d˜1
(
1ES , 1(E∞)S
)
= 0
therefore 1ES is indeed a well defined 0-th hypercohomology class.
By construction we also have an exact sequence of complexes of OXS -
modules
(4.20)
0→ C(E
(1)
S , E
(2)
S , I)→ C˜(E
(1)
S , E
(2)
S , I)→ HomXS ((E∞)S , (E∞)S ⊗XS I)→ 0.
Lemma 4.11. Under the conditions of Definition (4.3), suppose E
(1)
S =
E
(2)
S = ES and E∞ = OX . Then the exact sequence (4.20) has a canonical
splitting, and we have isomorphisms of hypercohomology groups
(4.21) Hk(XS , C˜(ES , ES , I)) ≃ H
k(XS , C(ES , ES , I))⊕H
k(XS , p
∗
SI)
for all k ∈ Z.
Proof. Since (E∞)S = OXS , HomXS((E∞)S , (E∞)S ⊗XS I) ≃ p
∗
SI, and
we have a morphism
p∗SI −→ HomXS (ES , ES ⊗XS I)⊕ p
∗
SI
α∞ 7−→ (1ES ⊗ α∞, α∞)
It is straightforward to check that this is a splitting of (4.20).

Under the conditions of Proposition (4.5), we have an exact sequence of
complexes of OXS -modules
(4.22) 0→ C˜(ES , ES′ , I)→ C˜(ES , ES′ ,OXS )→ C˜(ES)→ 0.
Let
(4.23) e˜(ES , ES′ , I) = ∂˜
1(1ES ),
where
∂˜1 : H0(XS , C˜(ES))→ H
1(XS , C˜(ES , ES′ , I))
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is the connecting isomorphism determined by (4.22). We will also denote by
i˜1 : H1(XS , C(ES , ES′ , I))→ H
1(XS , C˜(ES , ES′ , I))
the natural morphism of hypercohomology groups determined by the canon-
ical injective morphism of complexes C(ES , ES′ , I) →֒ C˜(ES , ES′ , I) and by
i˜2 : H2(XS , C(ES , ES , I)) →֒ H
2(XS , C˜(ES , ES , I))
the injection determined by the splitting (4.21).
Now consider a deformation situation of the form (4.14), and let ES′ be a
flat family of stable ADHM sheaves parameterized by S′ which restricts to
a given family ES on XS . Then we have an exact sequence of complexes of
OXS -modules
(4.24) 0→ C˜(ES , IS′⊂S′′)→ C˜(ES , ES′ , IS⊂S′′)→ C˜(ES , ES′ , IS⊂S′)→ 0.
Lemma 4.12. Still assuming E∞ = OX , we have
(4.25) i˜2(ob(ES′ , S
′, S′′)) = (˜i1 ◦ ∂˜2)(˜e(ES , ES′ , IS⊂S′)),
where
∂˜2 : H1(XS , C˜(ES , ES′ , IS⊂S′))→ H
2(XS , C˜(ES , ES , IS′⊂S′′))
is the connecting morphism determined by (4.24).
Proof. This follows from a standard hypercohomology computation sing
the detailed construction of the class e(ES , ES′ , IS⊂S′) given in the proof of
Proposition (4.5).

5. Virtual Smoothness for ADHM Sheaves on Curves
From this point on we take X to be a smooth projective curve of genus g
over C. Then the Hilbert polynomial of any torsion-free OX-module is deter-
mined by a pair of integers (r, e) with r ≥ 1, namely the rank and degree re-
spectively. In the following we will denote the moduli space MADHM (X , P )
by MADHM (X , r, e).
In this section our goal is to prove that the moduli spacesMADHM (X , r, e)
are virtually smooth, i.e. they carry natural perfect obstruction theories
[52, 7]. Similar results have been previously obtained for moduli spaces
of (decorated) sheaves in [80, 66, 56, 70]. Our treatment is closer to [80],
relying on the construction of [52], or, more precisely, the generalization
presented in [51, Sect 2.2]. Moreover we will carry out our construction in
the equivariant setting as in [32] with respect to an algebraic torus action
on MADHM (X , r, e) satisfying the hypothesis of Lemma (3.1.) The results
of this section are valid for any such action, in particular for those presented
in Examples (3.2), (3.3).
30 D.-E. DIACONESCU
5.1. Outline. This subsection summarizes the main elements in the con-
struction of a tangent-obstruction theory of a moduli stack following [52,
Sect. 1], [51, Sect. 1.2, Sect. 2.1]. Let M be a separated Deligne-Mumford
stack of finite type over C. One first defines the perfect tangent-obstruction
theory of an affine e´tale chart ι : S → M and then specifies a compatibil-
ity condition on overlaps. Let ES denote the object of M(S) corresponding
to the morphism ι and ModS denote the category of quasi-coherent OS-
modules. For any object I of ModS let SI denote the trivial nilpotent thick-
ening of S by I defined above Definition (4.2). The tangent-obstruction
theory of the affine chart ι : S →M consists of two elements.
The first element is the deformation functor TM(ES) : ModS → Sets
which assigns to a OS-module I the set of equivalence classes of extensions
of ES to SI . Here two extensions of ES to SI are called equivalent if they are
isomorphic as objects of M(SI) and the isomorphism restricts to the identity
1ES on S ⊂ SI . An important requirement is that for any triple (S, ES , I)
there exist a functor T 1M(ES) : ModS → ModS such that TM(ES)(I) is
canonically isomorphic to the space of global sections ΓS(T
1M(ES)(I)) for
any I. Moreover, T 1M(ES) is required to satisfy a natural base change
property. The existence of this functor for ADHM sheaves follows from
Proposition (4.5), as stated in Lemma (5.1) below.
The next element is an obstruction theory for ι : S → M. Suppose
S ⊂ S′ ⊂ S′′ is a deformation situation as in (4.14) and ι′ : S′ → M is
a morphism corresponding to an object ES′ . Let ES = ES′ |S . Then an
obstruction theory [52, Def 1.2], [51, Def. 1.11], consists of a OS-module
ObES (depending on ES), and an obstruction class
ob′(ES′ , S
′, S′′) ∈ ΓS(ObES ⊗S IS′⊂S′′)
such that the vanishing of ob′(ES′ , S
′, S′′) is a necessary and sufficient condi-
tion for the existence of an extension of ES′ to S
′′. Moreover, ob′(ES′ , S
′, S′′)
is required to satisfy a base change property. Again, the existence of an ob-
struction theory for ADHM sheaves follows from Proposition (4.9), as stated
in Lemma (5.2). In particular the class ob′(ES′ , S
′, S′′) is naturally identified
with the obstruction class ob(ES′ , S
′, S′′) introduced in Definition (4.8).
Next note that given an obstruction theory of ι : S →M, the OS-module
ObES determines a functor T
2M(ES) : ModS → ModS, T
2M(ES)(I) =
ObES ⊗S I. The tangent-obstruction complex of the chart ι : S →M is the
complex T •M(ES) = [T
1M(ES) → T
2M(ES)] where the arrow is the zero
map [52, Def. 1.3]. Furthermore, the tangent-obstruction complex is called
perfect if there exists a two-term complex of locally free OS-modules E
•
S
with the property that T iM(ES)(I), i = 1, 2, is the i-th cohomology sheaf
of E•S ⊗Sα I for any OS-module I. This property is checked in Lemma (5.4)
for the tangent-obstruction theory of ADHM sheaves. As explained in more
detail below the differential E1S → E
2
S is related to the Kuranishi map of the
deformation theory [52, Sect. 2].
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The above data defines a perfect tangent-obstruction theory for an affine
e´tale chart. The gluing condition is formulated as follows [52, Def. 1.2], [51,
Def. 2.1]. Suppose {ια : Sα →M} is a an e´tale affine cover of M consisting
of finitely many charts. Suppose furthermore that each chart is equipped
with a perfect tangent obstruction theory with obstruction sheaf Obα and
obstruction assignment obα. Then the collection Obα is required to descend
to a sheaf on M and the obstruction assignments are required to agree on
overlaps. More details will be provided in subsection (5.3).
Finally note that a perfect obstruction theory determines a virtual cycle
in the Chow group of the moduli space. First, the construction in [52, Sect
3] based on relative Kuranishi maps produces a virtual normal cone Cα in
the total space of the vector bundle V(E2α) associated to the locally free
sheaf E2α. Very briefly, a relative Kuranishi map for the perfect tangent-
obstruction complex E•α is essentially a morphism κα : Vˆ(E
1
α) → Vˆ(E
2
α)
between the formal completions of V (E1α), V (E
2
α) along the zero sections,
such that the inverse image κ−1α (0) is isomorphic to the formal completion Zα
of the diagonal in Sα×Sα. It is also required to satisfy certain compatibility
conditions with the obstruction classes which will not be reviewed here.
More details can be found in [52, Sect 2].
Given such a map let Γκα denote its graph and let N κα denote the normal
cone to be the scheme theoretic intersection
Γκα ×Vˆ(E1α)×Vˆ(E2α)
Vˆ(E1α)
where Vˆ(E1α) is canonically embedded in Vˆ(E
1
α)× Vˆ(E
2
α) by the zero section.
Note that N κα is a closed subcone of Zα × V(E
2
α), which is the total space
of the normal bundle to V(E1α) in Vˆ(E
1
α)× Vˆ(E
2
α). The cone Cα is the
restriction of N κα to Sα ⊂ κ
−1
α (0), that is Cα = N
κα ×Z Sα.
In principle applying the refined Gysin map 0!α : A∗(V(E
2
α))→ A∗−rk(E2α)(Sα)
to the virtual normal cone yields a cycle in the Chow group A∗(Sα). The
main question is then how the resulting local cycles can be glued in order
to obtain a cycle in A∗(M). An answer to this question is provided in [51,
Sect 2.2, Lemm. (2.6)-(2.8)], the final conclusion being that there exists
indeed a well defined virtual cycle [M]vir. Omitting the details of the proof,
which is long and very technical, note that the key element is the existence
of a global obstruction sheaf Ob over M such that the obstruction classes
are compatible on overlaps. It is also worth noting that the gluing algo-
rithm is significantly simpler if the moduli stack M is a scheme, {Sα} is a
Zariski open cover, and there exists a global two term complex of locally
free sheaves E• on M which restricts to E•α on each Sα. Then the above
cone construction can be carried out globally over M, producing the virtual
cycle [52, Sect 3]. Finally, note that although the local Kuranishi maps are
not canonically determined by the perfect tangent-obstruction theory, the
virtual cycle is independent of the choices involved in this construction.
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To summarize, in order to construct a virtual cycle it suffices to establish
the existence of a perfect tangent-obstruction theory in each affine chart
Sα → M, then check that the there is a global obstruction sheaf, and the
obstruction classes satisfy a gluing condition. This will be done in the next
two subsections for moduli of ADHM sheaves on curves.
5.2. The Tangent-Obstruction Complex. The following lemmas estab-
lish the existence of a tangent-obstruction theory for any flat family of stable
ADHM sheaves on X parameterized by an affine scheme S of finite type over
C. The proofs consist of a straightforward verification of the conditions for-
mulated in [52, Sect 1] using Propositions (4.5), (4.9), Lemma (4.10). Details
will be omitted since similar arguments have been presented in the proof of
[80, Prop. 3.26] and [80, Thm. 3.28].
Lemma 5.1. Let ES be a flat family of stable ADHM sheaves on X param-
eterized by an affine scheme S of finite type over C. Let I be a coherent
OS-module. Then the following hold.
(i) In the notation of Remark (4.6), we have
(5.1) H1(XS , C(ES , I)) ≃ ΓS(R
1pS∗C(ES , I)).
(ii) Given a base change morphism f : T → S with T affine of finite type
over C, a coherent OT -module J and a morphism of OT -modules ξ : f
∗I →
J , we have a canonical morphism
(5.2) c(f, ξ) : f∗R1pS∗C(ES , I)→ R
1pT∗C(ET , J)
of OT -modules, where ET = f
∗
XES.
(iii) Given a sequence of morphisms U
g
−→T
f
−→S, with U, T affine of
finite type over C, a coherent OU -module K, a coherent OT -module J , a
coherent OS-module I, and morphisms η : g
∗J → K, ξ : f∗I → J , there is
a commutative diagram of canonical morphisms of the form
(5.3) g∗f∗RpS∗C(ES , I)
≃ //
g∗c(f,ξ)

(f ◦ g)∗R1pS∗C(ES , I)
c(f◦g,ζ)

g∗R1pT∗C(ET , J)
c(g,η)
// R1pU∗C(EU ,K),
where ET = f
∗
XES, EU = g
∗
XET and ζ : (f ◦ g)
∗I → K is defined by the
composition
(f ◦ g)∗I ≃ g∗f∗I
g∗ξ
−→g∗J
η
−→K.
(iv) Suppose there is a T-action on S such that the family ES is T-
equivariant. Then R1pS∗(ES , ES⊗XS I) has a natural T-equivariant structure
for any T-equivariant OS-module I. Moreover, if all base change morphisms
as well as the sheaves I, J,K are T-equivariant the canonical morphism
c(f, ξ) is T-equivariant, and the diagram (5.3) is T-equivariant.
MODULI OF ADHM SHEAVES AND LOCAL DONALDSON-THOMAS THEORY 33
Lemma 5.2. Let ES be a flat family of stable ADHM sheaves on X param-
eterized by an affine scheme S of finite type over C. Let S ⊂ S′ ⊂ S′′ be a
deformation situation as in (4.14). Then the following hold.
(i) In the notation of Remark (4.6), we have
(5.4) H2(XS , C(ES , IS′⊂S′′)) ≃ ΓS(R
2pS∗C(ES)⊗OS IS′⊂S′′).
(ii) Given a base change morphism f : T → S with T affine of finite type
over C we have a canonical isomorphism
(5.5) c(f) : f∗R2pS∗C(ES)
∼
−→R2pT∗C(ET )
compatible with base change, where ET = f
∗
XES.
(iii) Suppose S ⊂ S′ ⊂ S′′ is a deformation situation of the form (4.14)
with S, S′, S′′ affine of finite type over C. Suppose moreover we have a base
change diagram
T ′′
f ′′ //

S′′

T
f // S
where T is an affine scheme of finite type over C and T ′′ → T has a section
σT : T → T
′′ such that the diagram
T ′′
f ′′ // S′′
T
σT
OO
f // S
σS
OO
is commutative. Let T ′ = S′ ×S′′ T
′′, f ′ : T ′ → S′ be the natural projection,
and ET = f
∗
XES. Suppose furthermore we have an extension ES′ of ES to S
′,
and let ET ′ = (f
′
X)
∗ES′ . Then there is a canonical morphism of OT -modules
(5.6) c(f, S′, S′′) : f∗R2pS∗(C(ES)⊗S IS′⊂S′′)→ R
2pT∗(C(ET )⊗T IT ′⊂T ′′)
such that
(5.7) ob(ET ′ , T
′, T ′′) = (ΓT (c(f, S, S
′′)) ◦ f∗)ob(ES′ , S
′, S′′).
(iv) Suppose there is a T-action on S such that the family ES is T-
equivariant. Then R2pS∗(C(ES , ES⊗XSI)) has a natural T-equivariant struc-
ture for any T-equivariant OS-module I. Moreover, statements (i), (ii)
hold for T-equivariant base change, and the canonical morphism (5.6) is
T-equivariant if the deformation situations S ⊂ S′ ⊂ S′′, T ⊂ T ′ ⊂ T ′′ are
T-equivariant.

Next we prove that the tangent-obstruction theory of any affine chart
S →MADHM (X , r, e) of finite type over C is perfect, verifying the conditions
of [52, Def. 1.3]. We will need the following preliminary lemma.
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Lemma 5.3. Let ρ : A→ B be a local morphism of Noetherian local rings,
k the residual field of A and M,N two finitely generated B-modules, N flat
over A. Let u : M → N a morphism of B-modules. Then the following
conditions are equivalent
(i) u is injective and Coker(u) is flat over A
(ii) u⊗ 1 :M ⊗A k → N ⊗A k is injective.
Proof. [34, 10.2.4].
Lemma 5.4. Let ES be a flat family of stable ADHM sheaves parameterized
by an affine scheme S of finite type over C. Then there exists a two-term
complex E• =
(
E
1
S−→E
2
S
)
of coherent locally free OS-modules with degrees
(1, 2) such that
H1(E•S ⊗S I) ≃ R
1pS∗C(ES , I)
H2(E•S ⊗S I) ≃ R
2pS∗C(ES)⊗S I
for any coherent OS-module I.
Moreover, if S → MADHM (X , r, e) is a T-equivariant chart, and I is
a T-equivariant coherent OS-module, the complex E
•
S can be chosen T-
equivariant as well.
Proof. Note that C(ES , I) = C(ES)⊗XS I for any coherent OS-module I.
According to [35, Thm. 6.10.5] or [37, Prop. III.12.2] there exists a complex
F
•
S of finitely generated locally free OS-modules bounded above such that
Hk(F•S ⊗S I) = R
kpS∗(C(ES)⊗XS I)
for any OS-module I and for all k ∈ Z. Lemma (4.10) and the base change
theorem [35, Thm 7.7.5] [37, Thm III.12.11] imply that
RkpS∗(C(ES , ES)) = 0
for all k ≥ 3 and
R2pS∗(C(ES)⊗XS I) ≃ R
2pS∗C(ES)⊗S I
for any coherent OS-module I.
Since F•S is bounded above and has trivial cohomology in degrees k ≥ 3,
an easy induction argument based on [37, Prop. III.9.1A.f] shows that
Ker(F2S → F
3
S) is a flat finitely generated OS-module. Therefore Ker(F
2
S →
F
3
S) is a locally free OS-module, and we can truncate F
•
S such that F
k
S = 0
for k ≥ 3.
Moreover, theorem [35, Thm. 6.10.5] also implies that for any closed
point s ∈ S, the cohomology of the complex of vector spaces F•S ⊗ k(s)
is isomorphic to the hypercohomology of the complex C(ES)|Xs . Since the
later vanishes in degrees k ≤ 0 according to Lemma (4.10), it follows that
the cohomology of F•S ⊗ k(s) is trivial in degrees k ≤ 0 for any closed point
s ∈ S. Then Lemma (5.3) implies that we can truncate F•S to a locally free
complex E•S satisfying the required properties.
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Now suppose S →MADHM (X , r, e) is T-equivariant, hence in particular
there is a T-action on S such that ES has a T-equivariant structure. Then
all above arguments hold in the equivariant setting, as observed for example
in [81, Sect 2.2].

In conclusion, Lemmas (5.1), (5.2), (5.4) imply
Proposition 5.5. Let ι : S → MADHM (X , r, e) be a T-equivariant affine
chart of the moduli space of stable ADHM sheaves on X. Let ES be the
flat family of stable ADHM sheaves parameterized by S. Let C(ES , I) =
C(ES , ES , I), C(ES) = C(ES ,OS) be the deformation complex in Definition
(4.3) and C(ES) = C(ES ,OS). Then S is equipped with a T-equivariant per-
fect obstruction theory [T 1(MADHM (X , r, e))(ES )→ T
2(MADHM (X , r, e))(ES )]
where the arrow is the zero map, and
T 1(MADHM (X , r, e))(ES )(I) = R
1pS∗C(ES , I)
T 2(MADHM (X , r, e))(ES )(I) = ObES ⊗S I
ObES = R
2pS∗C(ES)
for any OS-module I. Moreover, there is an isomorphism ΓS(ObES ) ≃
H
2(XS , C(ES)) mapping the the obstruction class ob
′(ES′ , S
′, S′′) to the ob-
struction class ob(ES′ , S
′, S′′) determined in Proposition (4.9).
5.3. Virtual Smoothness. In this section we prove Theorem (1.3).
Proof of Theorem (1.3). Given a torus action as in Lemma (3.1) there ex-
ists a T-equivariant affine Zariski open cover {ια : Sα → MADHM (X , r, e)}
of MADHM (X , r, e) with Sα affine schemes of finite type over C. Accord-
ing to Proposition (5.5), each chart (Sα, ια) carries a T-equivariant perfect
tangent-obstruction theory. Therefore as explained in section (5.1), we just
have to check the compatibility conditions formulated in [51, Def. 2.1].
Namely we have to check that there is a global obstruction sheaf Ob on M
which restricts to the local obstruction sheaves on each Sα, and that the
obstruction classes agree on overlaps.
According to Theorem (1.1), MADHM (X , r, e) is a fine quasi-projective
moduli scheme equipped with a universal stable ADHM sheaf E onMADHM (X , r, e)×
X, flat over MADHM (X , r, e). Let C(E) is the deformation complex of the
universal object defined in (4.3) and p : MADHM (X, r, e)×X →MADHM (X, r, e)
be the canonical projection. By construction, it is obvious that the restric-
tion of C(E) to each affine open set Sα is isomorphic to the deformation
complex C(E|Sα). Let Ob = R
2p∗C(E). Then for each Sα, the local obstruc-
tion sheaf ObESα given in Proposition (5.5) is isomorphic to Ob|Sα since Sα
is a Zariski open subset of the moduli space. Therefore Ob is indeed the
global obstruction sheaf. One has also to check that the obstruction as-
signments agree on overlaps. This follows by straightforward manipulations
from Lemma (5.2) because the obstruction classes satisfy the base change
property.
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Finally, note that there exists a global locally-free two term complex E•
on M which restricts to the complexes E•Sα on each Zariski open subset
Sα. The argument is identical to the proof of Lemma (5.4), using [42,
Prop. 2.1.10] to establish the existence of a finite locally free complex F on
MADHM (X , r, e) ×X analogous to FS. Therefore, as explained at the end
of section (5.1), in this case the virtual cycle is determined by a global cone
over the moduli space.

6. Admissible Pairs
Let X be a smooth projective curve over a field k over C, and M1,M2
fixed line bundles on X. Let Y be the total space of the projective bundle
Proj(OX ⊕M1 ⊕M2). In this section we introduce new objects – called
admissible pairs on Y – and prove that they are equivalent to stable pairs
on Y as defined in [70]. In the next section we will show that admissible
pairs are naturally related to stable ADHM sheaves on X by the relative
Beilinson spectral sequence.
Let us first fix some notation. Let π : Y → X denote the canonical
projection and ki = deg(Mi), i = 1, 2. Recall that [37, Prop. II.7.1]
(6.1) π∗(OY (1)) = OX ⊕M1 ⊕M2.
Let z0 ∈ H
0(Y,OY (1)) denote the section corresponding to 1 ∈ H
0(X,OX )
under the canonical isomorphism
H0(Y,OY (1)) ≃ H
0(X,OX )⊕H
0(X,M1)⊕H
0(X,M2).
We have analogous canonical sections
zi ∈ H
0(Y, π∗M−1i (1)),
with i = 1, 2.
Let D∞ be the zero locus of z0 on Y , which will be referred to as the
divisor at infinity. Let H ∈ A2(Y ) denote the cycle class of D∞ and let
F ∈ A2(Y ) denote the fiber class. Let σ : X → Y be the section determined
by z1 = z2 = 0, and let β = σ∗[X] ∈ A1(Y ). For future reference let us
record the following easy lemma which follows from elementary intersection
computations.
Lemma 6.1. (i) Ker(A1(Y )
∩H
−→A0(Y )) = 〈β〉
(ii) β = H2 − (k1 + k2)HF in the intersection ring of Y .
(iii) c1(Y ) = 3H + (2− 2g − k1 − k2)F .
(iv) Pic(Y ) ≃ Pic(X)× Z where the second direct summand is generated
by the divisor class [D∞].
Definition 6.2. (i) Let d ∈ Z≥1, n ∈ Z. An admissible pair of type (d, n)
on Y is a pair (Q, ρ) consisting of a coherent OY -module Q and a section
ρ ∈ H0(Y,Q) satisfying the following conditions
(a) ρ is not identically zero.
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(b) Q is flat over X.
(c) ch0(Q) = 0, ch1(Q) = 0, ch2(Q) = dβ and χ(Q) = n.
(d) The cokernel Coker(OY
ρ
−→Q) of the canonical morphism determined
by ρ is an OY -module of dimension 0.
(ii) Two admissible pairs of type (d, n) (Q, ρ), (Q′, ρ′) are isomorphic
if there exists an isomorphism of OY -modules u : Q → Q
′ such that the
following diagram is commutative
OY
ρ //
1OY

Q
u

OY
ρ′ // Q′
Remark 6.3. In the present context, a stable pair of type (d, n) on Y in the
sense of [70] is a pair (Q, ρ) where Q is a coherent OY -module of pure di-
mension one with ch2(Q) = dβ and χ(Q) = n and ρ ∈ H
0(Y,Q) is a nonzero
section such that Coker(OY
ρ
−→Q) is a OY -module of pure dimension zero.
The following lemma shows that we can replace condition (6.2.i.b) by
(b′) Q is of pure dimension one and supp(Q) is disjoint from D∞.
Therefore there is a one-to-one correspondence between admissible and stable
pairs of type (d, n) on Y whose supports are disjoint from D∞.
Lemma 6.4. Let S be an affine scheme of finite type over C and let (QS , ρS)
be a pair consisting of a coherent OYS -module, flat over S, and a section
ρS ∈ H
0(YS , QS) such that the restriction (Qs, Ys) = (QS |Ys , ρS |Ys), s ∈ Y ,
satisfies conditions (i.a), (i.c) and (i.d) of Definition (6.2). Then Qs is flat
over Xs if and only if it is of pure dimension one and supp(Qs) is disjoint
from (D∞)s ⊂ Ys for any s ∈ Y .
Proof. The direct implication follows immediately from the local criterion
of flatness [28, Thm. 6.8] observing that the conditions of Definition (6.2)
and Lemma (6.1) rule out vertical components of supp(Qs).
Conversely, let s ∈ S and suppose Qs is of pure dimension one and its
support has no vertical components. Let y ∈ Ys be a closed point such that
(Qs)y 6= 0, x = πs(y) and ζ ∈ OXs,x a uniformizing parameter, where πs :
Ys → Xs is the natural projection. Let Z be the scheme theoretic support
of Qs and IZ be the ideal sheaf of Z in Ys. Since Z is one dimensional, IZ,y
has codimension 2 in OYs,y. Moreover, since Z has no vertical components,
it follows that the ideal J ⊂ OYs,y generated by ζ and IZ,y is codimension 3
in OYs,y. However note that J annihilates Ker((Qs)y
ζ
−→(Qs)y). Therefore
if Ker((Qs)y
ζ
−→(Qs)y) is nontrivial, it must be a dimension zero submodule
of Qs. This contradicts the assumption that Qs is pure dimension 1.
In conclusion, Ker((Qs)y
ζ
−→(Qs)y) must be trivial for any y ∈ Ys such
that (Qs)y 6= 0. Hence Qs is flat over Xs by the local criterion of flatness.

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Proof of Theorem (1.7) According to [49, 50, 70] there exists a projective
moduli spaceMSt(Y, d, n) parameterizing isomorphism classes of stable pairs
of type (d, n) on Y . Since stable pairs have trivial stabilizers [70, Sect 2.2],
this is a fine moduli space. Moreover, according to [70, Thm. 2.15] the
moduli space MSt(Y, d, n) has a natural perfect tangent-obstruction theory,
therefore a virtual cycle [MSt(Y, d, n)].
Lemma (6.4) identifiesMAdm(Y, d, n) with an open subscheme ofMSt(Y, d, n),
therefore MAdm(Y, d, n) is a quasi-projective scheme over C equipped with
an induced perfect tangent-obstruction theory. Although the construction
presented in [70] is based on the formalism of [7], it is fairly straightforward
to provide an alternative construction of a perfect tangent-obstruction the-
ory of MSt(Y, d, n) relying on [51, Sect. 2.1]. Then [47, Prop. 3] implies
that both constructions yield identical virtual cycles.
For future reference, let us recall the construction of tangent and respec-
tively obstruction spaces, according to [80, Sect 3], [70, Sect 2]. Given a flat
family (QS , ρS) of stable pairs, let C(QS , ρS) denote the two term complex
of OYS -modules
(6.2) OYS
ρS−→QS ,
where the degrees are 0, 1 respectively. Let also qS : YS → S denote the
canonical projection. Suppose that S is affine of finite type over C, and let
S′ be a trivial nilpotent extension of S determined by a coherent OS-module
I. Then the tangent space to a flat family (QS , ρS) is the traceless ext group
Ext1YS(C(QS , ρS), C(QS , ρS)⊗YSI)0 ≃ ΓS(Ext
1
qS(C(QS , ρS), C(QS , ρS)⊗YSI)0)
Given a deformation situation of the form (4.14), a flat family (QS , ρS) and
an extension (QS′ , ρS′), the obstruction space is the traceless ext group
Ext2YS (C(QS , ρS),C(QS, ρS)⊗YS IS′⊂S′′)0 ≃
ΓS(Ext
2
qS (C(QS, ρS), C(QS , ρS))0 ⊗S IS′⊂S′′).
The obstruction class
ob(C(QS′ , ρS′), S, S
′′) ∈ Ext2YS (C(QS, ρS), C(QS , ρS)⊗YS IS′⊂S′′)0
is given by
ob(C(QS′ , ρS′), S, S
′′) = δ2(e(C(QS , ρS), C(QS′ , ρS′)), IS⊂S′)
where
δ2 : Ext1YS(C(QS , ρS), C(QS
′, ρS′)⊗YSIS⊂S′)→ Ext
2
YS(C(QS , ρS), C(QS , ρS)⊗YSIS′⊂S′′)
is a natural coboundary morphism, and
e(C(QS , ρS), C(QS′ , ρS′), IS⊂S′) ∈ Ext
1
YS (C(QS , ρS), C(QS′ , ρS′)⊗YS IS⊂S′)
is the extension class corresponding to C(QS′ , ρS′). The later is given in
turn by
e(C(QS , ρS), C(QS′ , ρS′), IS⊂S′) = δ
1(1C(QS ,ρS))
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where
δ1 : Ext0YS(C(QS , ρS), C(QS , ρS))→ Ext
1
YS (C(QS , ρS), C(QS′ , ρS′)⊗YSIS⊂S′)
is again a natural coboundary morphism.
Note that δ2(e(C(QS , ρS), C(QS′ , ρS′), IS⊂S′) belongs to the traceless ext
group Ext2YS(C(QS , ρS), C(QS , ρS)⊗YS IS′⊂S′′)0, which is canonically iden-
tified with a subgroup of Ext2YS (C(QS , ρS), C(QS , ρS) ⊗YS IS′⊂S′′) (see [80,
Thm. 3.23, Thm 3.28].)
Finally note that there is a T = C××C× action on MSt(Y, d, n) induced
by the natural fiberwise scaling action on M1 ⊕M2. Obviously this action
preserves the open subspace MAdm(Y, d, n). Moreover, the above construc-
tion easily generalizes to the equivariant setting, yielding a T-equivariant
perfect tangent-obstruction theory on MAdm(Y, d, n).
Note also that the fixed locus MAdm(Y, d, n)
T is naturally identified with
a closed subset of the fixed locus MSt(Y, d, n)
T, which is proper over C.
More precisely, it is identified with the closed subset of the fixed locus
MSt(Y, d, n)
T parameterizing T-fixed stable pairs (Q, ρ) on Y such that the
support of Q contains no vertical components. Therefore MAdm(Y, d, n)
T is
proper over C as well, and has a virtual cycle as well as an equivariant vir-
tual normal bundle, determined by the perfect tangent-obstruction theory
of MAdm(Y, d, n).

7. ADHM Sheaves via Relative Beilinson Spectral Sequence
Our next goal is to prove that there is an isomorphism between the moduli
space of stable ADHM sheaves on X with data X = (M1,M2,OX) and the
moduli space of admissible pairs on Y using a relative Beilinson monad con-
struction. Moreover will prove that this isomorphism is compatible with the
natural T = C××C× actions on these spaces and identifies the equivariant
perfect obstruction theories.
Recall that under the current notation conventions we set XS = S ×X,
YS = S × Y for any scheme S over C, and let pX : XS → X, pY : YS → Y ,
πS : YS → XS denote the canonical projections. We will also set FS = p
∗
XF ,
GS = p
∗
YG for any OX -module F , respectively OY -module G. Note that
YS is a projective scheme over XS and we have canonical isomorphisms
OYS (1) ≃ p
∗
YOY (1), Ω
k
YS/XS
≃ p∗YΩ
k
Y/X , k = 0, 1, 2. Moreover, by base
change we also have a canonical isomorphism
πS∗OYS(1) ≃ OXS ⊕ (M1)S ⊕ (M2)S
Let
zS,0 ∈ H
0(YS ,OYS (1)), zS,i ∈ H
0(YS , π
∗
S(Mi)
−1
S (1)),
i = 1, 2, be canonical sections defined by analogy with z0, z1, z2. Note that
zS,0, zS,i, are canonically identified with p
∗
Y z0, p
∗
Y zi, respectively, for i = 1, 2.
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7.1. Relative Beilinson Monad for Admissible Pairs.
Lemma 7.1. Let S be a scheme of finite type over C and let QS be an
OYS -module, flat over S such that QS |Ys satisfies conditions (i.b), (i.c) of
Definition (6.2). Then there is a spectral sequence of OYS -modules with
(7.1) E
i,j
1 = OYS (j) ⊗YS π
∗
SR
iπS∗(Ω
−j
YS/XS
(−j)⊗YS QS),
i ≥ 0, j = −2,−1, 0, converging to QS if i = j = 0 and 0 otherwise.
Proof. This is the relative Beilinson spectral sequence for YS/XS [68].

Our next goal is to compute the terms in (7.1). We will need the following
lemma.
Lemma 7.2. Let ρ : A→ B, σ : B → C be local morphisms of Noetherian
local rings, k the residual field of A and M a finitely generated C-module.
Suppose that B is flat over A. Then the following conditions are equivalent.
(i) M is flat over B
(ii) M is flat over A and M ⊗A k is flat over B ⊗A k.
Proof. [34, 10.2.5]

Given a flat family of admissible pairs (QS , ρS) parameterized by S, let
C(QS, ρS) denote the two term complex of OYS -modules
(7.2) OYS
ρS // QS
with degrees (0, 1).
Lemma 7.3. Let (QS , ρS) be a flat family of admissible pairs parameterized
by S and C(QS , ρS) the complex defined in (7.2). Then C(QS , ρS) admits
a canonical three term locally free resolution supported in degrees −1, 0, 1 of
the form
(7.3)
0→ OYS (−2)⊗YS π
∗
S(ES ⊗XS (M12)S)
σS−→OYS (−1)⊗YS π
∗
S(ES ⊗XS (M1)S ⊕ ES ⊗XS (M2)S)⊕OYS
τS−→π∗SES → 0,
where ES = R
0πS∗QS and
σS =
t(zS,0 ⊗ π
∗
SΦS,2 − zS,2, −zS,0 ⊗ π
∗
SΦS,1 + zS,1, 0)
τS = (zS,0 ⊗ π
∗
SΦS,1 − zS,1, zS,0 ⊗ π
∗
SΦS,2 − zS,2, π
∗
SψS)
for certain morphisms of OXS -modules ΦS,i : ES ⊗XS (Mi)S → ES, i = 1, 2,
ψS : OXS → ES satisfying
(7.4) ΦS,1 ◦ (ΦS,2 ⊗ 1(M1)S )− ΦS,2 ◦ (ΦS,1 ⊗ 1(M2)S ) = 0,
and ψS |Xs : OXs → ES |Xs is injective for each point s ∈ S.
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Proof. Let us first compute the terms in (7.1). Since QS is flat over S
and QS|Xs is flat over X for any point s ∈ S, Lemma (7.2) implies that QS
is flat over XS . Since it is also finite over XS according to (6.3.i) the base
change theorem [35, Thm 7.7.5], [6, Thm. III.3.4] implies that
(7.5) RiπS∗(Ω
−j
YS/XS
(−j) ⊗YS QS) = 0
for all i ≥ 1 and all j = −2,−1, 0. Moreover R0πS∗(Ω
−j
YS/XS
(−j) ⊗YS QS)
are locally free OXS -modules for all j = −2,−1,−0 [35, Cor. 7.9.10].
Then the column i = 0 of the spectral sequence (7.1) reads
(7.6) 0
d0,−21

OYS (−2)⊗YS π
∗
SR
0πS∗(Ω
2
YS/XS
(2) ⊗YS QS)
d0,−11

OYS (−1)⊗YS π
∗
SR
0πS∗(Ω
1
YS/XS
(1) ⊗YS QS)
d0,01

π∗SR
0πS∗QS
d0,11

0 0,
where we have used the notation di,j1 : E
i,j
1 → E
i,j+1
1 , i = 0, 1, j =
−2,−1, 0, 1 for differentials. All other columns are trivial.
Note that the relative Euler sequence for πS : YS → XS
(7.7) 0→ Ω1YS/XS (1)→ π
∗
S(OXS ⊕ (M1 ⊕M2)S)
ǫS−→OYS(1)→ 0
yields an exact sequence of OXS -modules of the form
0→ R0πS∗(Ω
1
YS/XS
(1)⊗YS QS)
→ R0πS∗(π
∗
S(OXS ⊕ (M1 ⊕M2)S)⊗YS QSx)
fS−→R0πS∗(QS(1))→ 0.
The morphism fS is of the form
fS(t0, t1, t2) = ΨS,0(t1) + ΨS,1(t1) + ΨS,2(t2)
where
(7.8)
ΨS,0 : R
0πS∗QS → R
0πS∗(QS(1))
ΨS,1 : R
0πS∗QS ⊗XS (M1)S → R
0πS∗(QS(1))
ΨS,2 : R
0πS∗QS ⊗XS (M2)S → R
0πS∗(QS(1))
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are induced by multiplication by zS,0, zS,1, zS,2 respectively. Note that mul-
tiplication by zS,0 induces an isomorphism QS ≃ QS(1) since the sup-
port of QS is disjoint from S × D∞ ⊂ YS . Therefore ΨS,0 : R
0πS∗QS →
R0πS∗(QS(1)) is an isomorphism.
Then it follows that the morphism
(M1 ⊕M2)S ⊗XS R
0πS∗QS → (OXS ⊕ (M1 ⊕M2)S)⊗XS R
0πS∗QS
(t1, t2)→ (−Ψ
−1
S,0 ◦ ΨS,1(t1)− Ψ
−1
S,0 ◦ ΨS,2(t2), t1, t2)
maps (M1 ⊕M2)S ⊗XS R
0πS∗QS isomorphically to Ker(fS). Therefore we
obtain an identification
(7.9) R0πS∗(Ω
1
YS/XS
(1)⊗YS QS) ≃ (M1 ⊕M2)S ⊗XS R
0πS∗QS.
Note also that Ω2YS/XS (2) ≃ π
∗
S(M12)S(−1). Therefore (7.6) reduces to a
complex of OYS -modules of the form
(7.10)
0→ OYS (−2)⊗YS π
∗
S(R
0πS∗(QS(−1)) ⊗XS (M12)S)
d0,−11−→OYS (−1)⊗YS π
∗
S(R
0πS∗QS ⊗XS (M1 ⊕M2)S)
d0,01−→π∗SR
0πS∗QS → 0.
The differentials d0,−11 , d
0,0
1 are determined by the morphisms κ1S , κ2S in the
Koszul complex
(7.11) 0→ OYS ⊠Ω
2
YS/XS
(2)
κ1S−→OYS (−1)⊠ Ω
1
YS/XS
(1)
κ2S−→OYS ⊠OYS .
The later are determined in turn by contraction with the section ΣS ∈
H0(YS ×XS YS,OYS (1) ⊠ TYS/XS (−1)) corresponding to the identity under
the canonical identification
H0(YS ×XS YS ,OYS (1) ⊠ TYS/XS (−1)) ≃ EndXS (OXS ⊕ (M
−1
1 ⊕M
−1
2 )S).
Explicit expressions for κ1S , κ2S can be written using the isomorphisms
Ω2YS/XS (2) ≃ π
∗
S(M12)S(−1),
Ω1YS/XS (1) ≃ Ker
(
π∗S(OXS ⊕ (M1 ⊕M2)S)
ǫS−→OYS (1)
)
.
Then we have
(7.12)
κ1S(u) = (zS,1 ⊠ zS,2 − zS,2 ⊠ zS,1,
− zS,1 ⊠ zS,0 + zS,0 ⊠ zS,1, zS,2 ⊠ zS,0 − zS,0 ⊠ zS,2),
where zS,i, i = 1, 2, are identified with global sections of OYS (1)⊠π
∗
S(M
−1
i )S ,
i = 1, 2 via the obvious isomorphisms
(OYS (1)⊗YS π
∗
S(M
−1
i )S ⊠OYS ≃ OYS(1) ⊠ (π
∗
S(M
−1
i )S).
A priori, the morphism (7.12) takes values in OYS (−1)⊠π
∗
S(OXS ⊕ (M1)S⊕
(M2)S). However one can easily check that
(1⊠ ǫS)(κ1S(u)) = 0
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for any local section u, hence κ1S takes values in OYS (1) ⊠ Ω
1
YS/XS
(1) as
expected. The second morphism is locally given by
(7.13) κ2S(v0, v1, v2) = p
∗
1S(zS,0)v0 + p
∗
1S(zS,1)v1 + p
∗
1S(zS,2)v2.
Using the identification (7.9) and expressions (7.12), (7.13) the complex
(7.10) becomes isomorphic to
(7.14)
0→ OYS (−2)⊗YS π
∗
S(R
0πS∗(QS(−1)) ⊗XS (M12)S)
σ˜S−→OYS (−1)⊗YS π
∗
S(R
0πS∗QS ⊗XS (M1 ⊕M2)S)
τ˜S−→π∗SR
0πS∗QS → 0,
where
σ˜S =
t(−zS,0 ⊗ π
∗
SΦS,2 + zS,2 ⊗ π
∗
SΦS,0, zS,0 ⊗ π
∗
SΦS,1 − zS,1 ⊗ π
∗
SΦS,0)
τ˜S = (−zS,0 ⊗ π
∗
S(Φ
−1
S,0 ◦ ΨS,1) + zS,1, −zS,0 ⊗ π
∗
S(Φ
−1
S,0 ◦ ΦS,2) + zS,2)
and
(7.15)
ΦS,0 : R
0πS∗(QS(−1))→ R
0πS∗QS
ΦS,1 : R
0πS∗(QS(−1))⊗XS (M1)S → R
0πS∗QS
ΦS,2 : R
0πS∗(QS(−1))⊗XS (M2)S → R
0πS∗QS
are induced by multiplication by zS,0, zS,1, zS,2 respectively. Note that ΦS,0
is an isomorphism since the support of QS is disjoint from D∞. Moreover
we have obvious commutation relations
ΨS,i ◦ ΦS,0 = ΨS,0 ◦ ΦS,i
for i = 1, 2.
The complex (7.14) is further isomorphic to
(7.16)
0→ OYS (−2)⊗YS π
∗
S(ES ⊗XS (M12)S)
σS−→OYS (−1)⊗YS π
∗
S(ES ⊗XS (M1 ⊕M2)S)
τS−→π∗SES → 0,
where ES = R
0π∗QS ,
σS =
t(−zS,0 ⊗ π
∗
SΦS,2 + zS,2, zS,0 ⊗ π
∗
SΦS,1 − zS,1)
τS = (−zS,0 ⊗ π
∗
SΦS,1 + zS,1, −zS,0 ⊗ π
∗
SΦS,2 + zS,2),
and
(7.17) ΦS,i = Ψ
−1
S,0 ◦ ΨS,i = ΦS,i ◦ Φ
−1
S,0
for i = 1, 2. Note that ΦS,1,ΦS,2 satisfy relation (7.4) since the morphisms
ΦS,1, ΦS,2 in (7.8) are induced by multiplication by z1, z2 respectively, there-
fore they commute.
Returning to the spectral sequence (7.6) note that all higher differentials
vanish for degree reasons. Therefore the cohomology sheaves of the complex
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(7.16) must be trivial in degrees −2,−1 and isomorphic to QS in degree 0.
Moreover, we claim that the natural evaluation map
evS : π
∗
SES → QS
induces an isomorphism between the 0-th cohomology sheaf of the complex
(7.16) and QS . In order to prove this, note first that the evaluation map
is surjective since its restriction to the fiber Ys is surjective for any s ∈ S.
Furthermore, a simple computation shows that
Im(τS) ⊆ Ker(evS).
Therefore the evaluation map induces a surjective morphism of sheaves
H0 → QS where H
0 is the 0-th cohomology sheaf of (7.16). Since H0 ≃ QS ,
it follows that this morphism must be an isomorphism. This proves the
claim.
Let us denote by B(QS) the [−1] shift of the complex (7.16) and by
(0, 0, evS) : B(QS)→ QS [−1]
the quasi-isomorphism induced by the evaluation map.
Next, note that by analogy with Lemma (7.1) we have a spectral sequence
with first term
OYS (j)⊗YS R
iπS∗Ω
−j
YS/XS
(−j)
converging to OYS for i = j = 0 and 0 otherwise. A simple calculation based
on the relative Euler sequence and the base change theorem shows that this
spectral sequence collapses to OYS for i = j = 0 and 0 otherwise.
Now recall that for any coherent OYS -module FS , the derived direct image
Rp1S∗(K∆S ⊗YS×XSYS p
∗
2SFS) is computed by applying π1S∗ to an injective
resolution of the complex K∆S ⊗YS×XSYS p
∗
2SFS . Since injective resolutions
are functorial, it follows that the morphism ρS : OYS → QS yields a mor-
phism of relative Beilinson monads
OYS [−1]
π∗SψS // B(QS)
where ψS : OXS → ES is the natural morphism of OXS -modules obtained
by pushing-forward ρS . Moreover, by construction we have diagram of com-
plexes of OYS -modules
OYS [−1]
π∗SψS

1OYS
[−1]
// OYS [−1]
ρS [−1]

B(QS)
(0,0,evS) // QS [−1]
This yields a quasi-isomorphism of cones
Cone( OYS [−1]
π∗SψS // B(QS) )→ Cone(OYS
−ρS−→QS)[−1]
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given by (0, 1OYS , evS) in degrees (−1, 0, 1) respectively. We will denote this
quasi-isomorphism by (0, 1OYS , evS). Note that
C(OYS
−ρS−→QS)[−1] = C(QS , ρS).
Furthermore, note that for each point the restriction ψS |Xs : OXs → ES |Xs
is nontrivial by construction since the morphism ρS |Ys : COYs → QS|Ys is
nontrivial by definition. Therefore ψS |Xs is injective for any s ∈ S.
In conclusion, the cone Cone( OYS [−1]
π∗SψS // B(QS) ) is the required res-
olution (7.3).

Definition 7.4. (i) Given a flat family of admissible pairs (QS , ρS) param-
eterized by a scheme S of finite type over C, we define the relative monad
B(QS , ρS) associated to (QS , ρS) to be the three term complex of locally free
OYS -modules (7.3). In order to keep the notation short, we will denote the
terms of this complex by
(7.18) 0→ B−1(QS , ρS)
σS−→B0(QS , ρS)
τS−→B1(QS , ρS)→ 0.
(ii) Conversely, given a flat family of stable ADHM sheaves ES on X with
E∞ = OX , Lemma (2.5) implies that φS = 0. Then the data (ES ,ΦS,1,2, ψS)
determines a complex B(ES) of the form (7.3). We will denote this complex
by
(7.19) 0→ B−1(ES)
σS−→B0(ES)
τS−→B1(ES)→ 0.
Note that we have used the same symbols for the differentials in (7.18),
(7.19) since the distinction will be clear from the context.
For further reference, let
(7.20) 0→ B′−1(ES)
σ′S−→B′0(ES)
τ ′S−→B′1(ES)→ 0
be the three term subcomplex of B(ES) obtained by removing the direct sum-
mand OYS in the degree 0 term of (7.3) and truncating σS , τS accordingly.
We will denote this complex by B′(ES).
Standard properties of direct images and the base change theorem imply
that relative monad complexes are compatible with base change i.e. the
following holds.
Lemma 7.5. Let (QS , ρS) be a flat family of admissible pairs parameterized
by a scheme S of finite type over C, and let C(QS, ρS) be the complex (7.2).
Let f : T → S be a base change morphism, with T of finite type over C,
and let (QT , ρT ) = (fY )
∗(QS , ρS). Then we have the following commutative
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diagrams
(7.21)
f∗YB(QS)
≃ //
(0,0,evS)

B(QT )
(0,0,evT )

f∗YQS
1QT // QT
f∗YB(QS , ρS)
≃ //
(0,1OYS
,evS)

B(QT , ρT )
(0,1OYT
,evT )

f∗YC(QS, ρS)
(1OYT
,1QT ) // QT ,
where the top rows are canonical isomorphisms.
7.2. Admissible Pairs and ADHM Sheaves. Next we prove that there
is a one-to-one correspondence between admissible pairs on Y and stable
ADHM sheaves on X with E∞ = OX . We start with a preliminary lemma
summarizing the relevant properties of the complexes B(ES), B
′(ES) defined
in (7.4.ii).
Lemma 7.6. Let X be a smooth projective curve over an infinite field k of
characteristic 0, and let E = (E,Φ1,2, ψ) be a stable ADHM sheaf on X with
E∞ = OX . Then the following hold
(i) σ : B−1(E) → B0(E) is an injective morphism of OY -modules and
Coker(σ) is a coherent torsion free OY -module.
(ii) The middle cohomology sheaf H0(B′(E)) is trivial.
(iii) The morphism of OY -modules τ : B0(E) → B1(E) is surjective on
the complement of a codimension three closed subset of Y .
(iv) The restriction σ|Yx : B−1(E)|Yx → B0(E)|Yx to an arbitrary fiber Yx,
x ∈ X is an injective morphism of OYx-modules and Coker(σ|Yx) is
a coherent torsion free OYx-module.
(v) The middle cohomology sheaf H0(B′(E)|Yx) is trivial for any point
x ∈ X.
Proof. Suppose σ : B−1(E) → B0(E) is not injective. Then Ker(σ) must
be a nontrivial subsheaf of B−1(E) = OY (−2) ⊗Y π
∗(E ⊗X M12), which is
a locally free OY -module. Therefore Ker(σ) has to be torsion-free, hence
locally free outside a codimension two closed subset of Y . Let Yσ be the
maximal open subset of Y such that Ker(σ)|Yσ is a locally free OYσ -module.
Since Yσ ⊂ Y is an open embedding, we have Ker(σ|Yσ ) = Ker(σ)|Yσ , there-
fore Ker(σ|Yσ ) is a locally free OYσ -module as well, and we have a short
exact sequence of OYσ -modules
0→ Ker(σ|Yσ)→ OYσ(−2)⊗Yσ π
∗(E ⊗X M12)|Yσ → Coker(σ|Yσ)→ 0.
in which the first two terms are locally free. Then the associated T orOYσ
long exact sequence shows that
T or
OYσ
1 (Coker(σ|Yσ ),Oy) = 0
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where Oy is the structure sheaf of any point y ∈ Y . This implies that for
any closed point x ∈ X, the induced map of k(y)-vector spaces
σ(y) : E(x)⊗k(x) k(y)→ (E(x) ⊕ E(x)⊕ k(x))⊗k(x) k(y)
has a nontrivial kernel for any point y ∈ Yσ ∩ Yx. However, as observed in
the proof [60, Lemma 2.7], for any x ∈ X, σ(y) may have a nontrivial kernel
at most at finitely many closed points y ∈ Yx. Hence σ must be injective in
order to avoid a contradiction.
In order to prove that Coker(σ) is torsion free, note that Coker(σ)y is a
free OY,y-module at all points y ∈ Y where σ(y) is injective, according to
Lemma (5.3). Therefore Coker(σ) is locally free on the complement of a
closed subset of codimension two. Let ωY be the dualizing sheaf of Y ; since
Y is smooth and projective ωY is locally free. The long exact Ext
•
Y ( , ωY )
sequence associated to the short exact sequence
0→ B−1(E)
σ
−→B0(E)→ Coker(σ)→ 0
yields
ExtqY (Coker(σ), ωY ) = 0
for all q ≥ 2 since the first two terms are locally free. Moreover, the local
ext sheaf Ext1Y (Coker(σ), ωY ) must be supported in codimension 2 since
Coker(σ) is locally free outside a codimension 2 closed subset. Then [42,
Prop. 1.1.10] implies that Coker(σ) must be torsion free. This proves (7.6.i).
In order to prove that the middle cohomology sheaf H0(B′(E)) is trivial,
it suffices to prove that its stalk H0(B′(E))y is trivial for any closed point
y ∈ Y . This follows from a simple local computation. Given the explicit
expressions of the differentials
σ′ = t(−z0⊗π
∗Φ2+z2, z0⊗π
∗Φ1−z1), τ
′ = (−z0⊗π
∗Φ1+z1,−z0⊗π
∗Φ2+z2)
where Φ1,Φ2 satisfy (7.4), it follows that the complex B
′(E)y is exact in
degree 0 if at least one of the morphisms of OY,y-modules
(z0 ⊗ π
∗Φ1 − z1)y, (z0 ⊗ π
∗Φ2 − z2)y
is an isomorphism. Therefore H0(B′(E)) must be supported on the subset
of Y where both endomorphisms fail to be isomorphisms, which is a codi-
mension two condition on Y . However note that H0(B′(E)) is a subsheaf of
Coker(σ′). Since the last component of σ is trivial, we have
Coker(σ) ≃ Coker(σ′)⊕OY ,
therefore Coker(σ′) must be torsion free since Coker(σ) is torsion-free ac-
cording to (7.6.i). In conclusion the cohomology sheaf H0(B′(E)) must be
trivial.
For the next claim, note that τy is surjective on stalks at a point y ∈ Y if
and only if the induced linear map of k(y)-vector spaces
τ(y) : (E(x)⊕ E(x) ⊕ k(x))⊗k(x) k(y)→ E(x)⊗k(x) k(y)
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is surjective, where x = π(y). If τ(y) fails to be surjective at some y ∈ Y , it
follows that the dual map τ(y)∨ will fail to be injective. As observed in the
proof of [60, Lemma 2.7], this implies the existence of a nontrivial proper
linear subspace W ⊂ E(x)⊗k(x) k(y) such that
(Φ1,2(x)⊗ 1k(y))(W ) ⊆W, Im(ψ(x) ⊗ 1k(y)) ⊆W
Recall that in Lemma (2.4) we have constructed a canonical destabilizing
subsheaf E0 ⊂ E. Note that E0(x) is a linear subspace of E(x) for a generic
closed point x ∈ X. Moreover, if a subspace W ⊂ E(x) ⊗k(x) k(y) as
above exists for such a generic closed point x ∈ X, by construction we have
E0(x) ⊗k(x) k(y) ⊂ W (x). Therefore rk(E0) < rk(E), and E0 must be a
proper subsheaf of E in this case. In conclusion, τ(y) must be surjective
for any point y ∈ Yx, for generic x ∈ X. This implies that there must exist
a closed subset SE ⊂ X determined by E such that τ(y), hence also τy, is
surjective for any y ∈ π−1(X \ SE).
Now suppose x ∈ SE . The condition that τ |Yx fail to be surjective is a
codimension two condition along Yx. Therefore τy may fail to be surjective
at most along a codimension three locus in Y . Moreover, it is easy to check
that τ is surjective along D∞, which is cut by z0 = 0, hence the codimension
three subset in question must be contained in Y \D∞.
The proofs of (7.6.iv), (7.6.v) are analogous to the proofs of (7.6.i), (7.6.ii)
respectively, therefore will be omitted.

Proposition 7.7. Let X be a smooth projective curve over an infinite field
k of characteristic 0. Then there is a one-to-one correspondence between
admissible pairs (Q, ρ) on X with ch2(Q) = dβ and χ(Q) = n and stable
ADHM sheaves E on X with E∞ = OX and
(7.22) r = d, e = n+ d(g − 1).
Moreover, two admissible pairs (Q, ρ), (Q′, ρ′) are isomorphic if and only if
the corresponding ADHM sheaves E, E ′ are isomorphic.
Proof. Given an admissible pair (Q, ρ), Lemma (7.3) provides a relative
monad B(Q, ρ). The data (E,Φ1,2, ψ) defines an ADHM sheaf E with E∞ =
OX and φ = 0.
We claim that the resulting ADHM sheaf E must be stable. Suppose there
exists a nontrivial saturated proper subsheaf E′ ⊂ E such that
(7.23) Φi(E
′ ⊗X Mi) ⊆ E
′, Im(ψ) ⊆ E′
for i = 1, 2. Note that E′ must be torsion free, hence locally free, on X
and rk(E′) < rk(E). Let Φ′i = Φi|E′⊗Mi , i = 1, 2 and let ψ
′ : OX → E
′
denote the factorization of ψ through E′ ⊂ E; note that Im(ψ′) = Im(ψ) as
subsheaves of E′. Note that the sheaf inclusions (7.23) yield the following
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exact sequences of OX-modules
(7.24)
T orOX1 (Coker(Φ
′
i),Ox)→ Im(Φ
′
i)⊗X Ox → E
′ ⊗X Ox
T orOX1 (Coker(ψ
′),Ox)→ Im(ψ
′)⊗X Ox → E
′ ⊗X Ox,
where Ox is the structure sheaf of an arbitrary closed point x ∈ X.
According to [42, Def. 1.1.4], any coherent OX-module F admits a torsion
sub-module T0(F ) such that the quotient F/T0(F ) is torsion free, hence
locally free, on X. Then the long exact T orOX sequence associated to the
short exact sequence
0→ T0(F )→ F → F/T0(F )→ 0
implies that
T orOX1 (F,Ox) ≃ T or
OX
1 (T0(F ),Ox).
Therefore for any coherent OX module F , T or
OX
1 (F,Ox) is trivial unless
x ∈ X belongs to the support of T0(F ), which consists of finitely many
points on X.
Applying this argument to F = Coker(Φ′i), Coker(ψ
′) in (7.24) it follows
that
(7.25) Im(Φ′i(x)) ⊆ E
′(x) Im(ψ(x)) ⊆ E′(x)
for all except finitely many closed points x ∈ X. Now for each point y ∈ Y ,
the morphism of OY,y-modules τy is surjective if and only if the linear map
of k(y)-vector spaces
τ(y) : (E(x)⊕ E(x) ⊕ k(x))⊗k(x) k(y)→ E(x)⊗k(x) k(y)
is surjective. This is equivalent to the dual linear map τ(y)∨ being injective.
However, as observed in the proof of lemma [60, Lemma 2.7], the existence
of a proper nontrivial subspace E′(x) ⊂ E(x) satisfying conditions (7.25)
implies that τ(y)∨ will fail to be injective at finitely many closed points in
Yx. In conclusion, the existence of a destabilizing subsheaf E
′ ⊂ E implies
that τ will fail to be surjective at finitely many closed points y ∈ Yx for
generic x ∈ X.
Now, according to Lemma (7.3) the complex (7.3) is quasi-isomorphic
to the two term complex C(Q, ρ). Therefore Coker(τ) ≃ Coker(OY
ρ
−→Q).
This implies that the morphism τ in (7.3) must be surjective everywhere on
Y except the support of Coker(OY
ρ
−→Q), which is dimension zero by defi-
nition. This contradicts the conclusion reached in the previous paragraph.
Therefore a destabilizing proper subsheaf E′ ⊂ E as above cannot exist.
The relations (7.22) follow by a straightforward Grothendieck-Riemann-
Roch computation using Lemma (6.1).
Conversely, suppose we have a stable ADHM sheaf (E,Φ1,2, φ, ψ) of type
(r, e) = (d, n + d(g − 1)) with E∞ = OX . According to (2.5) we must
have φ = 0. Then we construct the complex B(ES) of the form according
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to Definition (7.4.ii). Note that we have a commutative diagram of OY -
modules with exact rows of the form
0 // Coker(σ′) //
τ ′

Coker(σ) //
τ

OY

// 0
0 // B1(E)
1 // B1(E) // 0 // 0
where τ ′, τ are morphisms induced by τ ′, τ . Applying the snake lemma we
obtain an exact sequence of OY -modules of the form
(7.26) 0→ Ker(τ ′)→ Ker(τ)→ OY → Coker(τ
′)→ Coker(τ)→ 0.
However Lemma (7.6.ii) implies that Ker(τ ′) = 0 since the complex B′(E)
is exact in degree 0. Therefore it follows that
Ker(τ) ≃ Ker(τ)/Im(σ)
is a subsheaf of OY . Moreover, it is easy to check that the morphism
Ker(τ)/Im(σ)|D∞ → OY |D∞
is an isomorphism. This implies that Ker(τ) is a torsion-free rank one sheaf
on Y with trivial determinant, therefore it must be the ideal sheaf of a closed
subscheme Z ⊂ Y . Moreover the support of Z is disjoint from D∞.
Set Q = Coker(τ ′) and let ρ : OY → Q be the morphism obtained from
(7.26). SinceQ is the only nontrivial cohomology sheaf of the complexB′(E),
a straightforward computation using the first relation in Lemma (6.1) yields
(7.27) ch0(Q) = 0, ch1(Q) = 0, ch2(Q) = dβ.
Hence Q satisfies condition (i.c) of Definition (6.2). Moreover, we claim that
the morphism ρ is not identically zero. If it were trivial, we would obtain
Coker(τ ′) ≃ Coker(τ ) from (7.26). However Coker(τ) is zero dimensional
according to Lemma (7.6.iii), which would contradict (7.27).
We also have to prove that Q is flat over X. Note that according to
Lemma (7.6.v) the restriction
τ ′|Yx : Coker(σ
′)|Yx → B1(E)|Yx
is injective for all x ∈ X. Therefore Q = Coker(τ ′) is flat over X according
to Lemma (5.3).
The relations (7.22) follow again by a standard Grothendieck-Riemann-
Roch computation using Lemma (6.1).
Finally, compatibility with isomorphisms follows from a routine verifica-
tion.

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7.3. Isomorphism of Moduli Spaces. In this section we prove Theorem
(1.9). We first prove that the relative Beilinson spectral sequence yields a
T-equivariant isomorphism of algebraic spaces
f : MAdm(Y, d, n) ≃MADHM (X , d, n + d(g − 1)).
According to Lemma (7.3), a flat family of admissible pairs (QS , ρS) pa-
rameterized by a scheme S of finite type over C determines an ADHM
sheaf ES = (ES ,ΦS,1,2, 0, ψS) on XS . ES is a locally free OXS -module,
hence it is flat over S. Lemma (7.5) and Proposition (7.7) imply that
ES|Xs is a stable ADHM sheaf for any point s ∈ S. Moreover, Lemma
(7.5) and Proposition (7.7) further imply that this correspondence is com-
patible with isomorphisms and base change, therefore we obtain a functor
f : MAdm(Y, d, n)→MADHM (X , d, n + d(g − 1)).
Conversely, suppose ES = (ES ,ΦS,1,2, φS , ψS) is a flat family of stable
ADHM sheaves on X parameterized by S. According to Lemma (2.5), the
restriction φS |Xs must be trivial for each closed point s ∈ S. Therefore
φS = 0.
Consider the three-term complex B(ES) defined in (7.4. ii). The re-
striction of B(ES) to each fiber Ys, s ∈ S is isomorphic to B(Es), where
Es = ES |Ys . Therefore Lemma (7.6.i) and Lemma (5.3) imply that σS :
B−1(ES)→ B0(ES) is an injective morphism of OYS -modules, and Coker(σS)
is flat over S. The same holds for σ′S : B
′
−1(ES) → B
′
0(ES) by a similar
argument. Let
τ ′S : Coker(σ
′
S)→ B1(ES)
be the morphism ofOYS -modules induced by τ
′
S . Then applying again (7.6.v)
and Lemma (5.3) it follows that Ker(τ ′S) = 0 and QS = Coker(τ
′
S) is flat
over S. Furthermore, since
(7.28) QS |Ys ≃ Coker(τ
′
S |Ys),
Proposition (7.7) and Lemma (7.2) imply that QS is flat over XS and
ch0(QS |Ys) = 0, ch1(QS |Ys) = 0, ch2(QS |Ys) = dβ, χ(QS|Ys) = n
for any s ∈ S.
Now, applying the snake lemma as in the proof of the inverse implication
of Proposition (7.7) (above equation (7.26)) we obtain an exact sequence of
OYS -modules of the form
(7.29) 0→ Ker(τS)→ OYS
ρS−→QS → Coker(τS)→ 0.
Using (7.29) and the fact that tensor product is right exact, we have iso-
morphisms of OYs-modules
Coker(ρS |Ys) ≃ Coker(ρS)|Ys ≃ Coker(τS)|Ys ≃ Coker(τS |Ys) ≃ Coker(τS |Ys)
for any s ∈ S. Then Proposition (7.7) implies that Coker(ρS |Ys) is a sheaf
of pure dimension 0 for any s ∈ Y . Therefore we conclude that (QS , ρS) is
indeed a flat family of admissible pairs of type (d, n) parameterized by S.
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It is again routine to check that this construction is compatible with
isomorphisms and base change, therefore we obtain an inverse functor g :
MADHM (X , d, n+d(g−1)) →MAdm(Y, d, n). By construction, the functors
f, g are inverse to each other. Therefore we have proven that the two stacks
are indeed isomorphic. It is also easy to check that the functors f, g are
T-equivariant.
7.4. Comparison of Tangent-Obstruction Theories. Next we prove
that the perfect tangent-obstruction theories of the isomorphic moduli spaces
MAdm(Y, d, n), MADHM (X , d, n+d(g−1)), are compatible with the respect
to the isomorphism f in the sense of definition [51, Def 4.1]. More pre-
cisely, let (ια : Sα → MAdm(Y, d, n)), α ∈ Λ, be a finite affine open cover
of MAdm(Y, d, n) , each Sα being preserved by the torus action. Note that
(f ◦ ια : Sα → MADHM (X , d, n + d(g − 1)), α ∈ Λ, is a similar cover of
MADHM (X , d, n + d(g − 1)). Let Qα = (Qα, ρα), respectively Eα denote
corresponding flat families of admissible pairs, respectively stable ADHM
sheaves for all α ∈ Λ. Then we will prove the following
(I) For each α ∈ Λ and any T-equivariant coherent OSα-module I, there
is a natural T-equivariant isomorphism of tangent-obstruction theo-
ries associated to the data (Qα, I), (Eα, I). These isomorphisms are
furthermore compatible with base change morphisms of the form
fα : Tα → Sα.
(II) There exist T-equivariant perfect tangent-obstruction data (F•α),
(E•α) and T-equivariant quasi-isomorphisms
qα : F
•
α → E
•
α
of complexes of OSα-modules such that
(a) The induced isomorphisms in cohomology
Hk(qα)(I) : H
k(F•α ⊗Sα I)
∼
−→Hk(E•α ⊗Sα I)
k = 1, 2 agree with the natural isomorphisms constructed at
point (I) above for all α ∈ Λ.
(b) For k = 2, the isomorphisms
H2(qα) : H
2(F•α)
∼
−→Hk(E•α)
determine a global isomorphism of obstruction sheaves.
(c) Given any deformation situation Sα ⊂ S
′
α ⊂ S
′′
α as in (4.14),
the obstructions obα(Qα, S
′
α, S
′′
α), obα(Eα, S
′
α, S
′′
α) agree i.e.
H2(qα)(IS′α⊂S′′α)(obα(Qα, S
′
α, S
′′
α)) = obα(Eα, S
′
α, S
′′
α)
for all α ∈ Λ.
Since all the computations below extend trivially to the equivariant set-
ting, for brevity we will not explicitely state this in the following lemmas.
Moreover compatibility with base change will be always analogous to the
condition formulated in Lemma (5.1.ii) and will not be made explicit in the
following.
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Lemma 7.8. Let (QS , ρS) be a flat family of admissible pairs parameterized
by an affine scheme S of finite type over C, and let I be a coherent OS-
module. Then we have canonical isomorphisms compatible with base change
(7.30)
ExtkqS(C(QS, ρS), C(QS , ρS)⊗YSq
∗
SI)0 ≃ Ext
k
qS(C(QS , ρS), C(QS , ρS)(−1)⊗YSq
∗
SI)
for any k ∈ Z, where qS : YS → S is the natural projection.
Proof. According to Lemma (7.3), the relative Beilinson monadB(QS , ρS)
is a locally free resolution of C(QS , ρS) and there is a canonical quasi-
isomorphism
(0, 1OYS , evS) : B(QS , ρS)→ C(QS , ρS).
Therefore C(QSρS) can be canonically replaced by B(QS , ρS) in Lemma
(7.8). Since the complex B(QS , ρS) is locally free, the trace map yields a
morphism of complexes of OYS -modules
(7.31)
0

0

HomYS (B(QS , ρS),B(QS , ρS)(−1) ⊗YS q
∗
SI)
tr(−1) //

q∗SI(−1)

HomYS(B(QS , ρS),B(QS , ρS)⊗YS q
∗
SI)
tr //

q∗SI

HomYS (B(QS , ρS),B(QS , ρS)⊗YS q
∗
SI)⊗YS O(D∞)S
tr∞ //

q∗SI ⊗YS O(D∞)S

0 0.
A straightforward calculation shows that there is a canonical quasi-isomorphism
B(QS , ρS)⊗YS O(D∞)S → O(D∞)S
and the bottom horizontal row of (7.31) is a quasi-isomorphism of complexes
as well. In order to keep the notation short we will denote by H(−1),H,H∞
the terms in the left column of (7.31), starting from the top. Then note that
the diagram (7.31) yields a commutative diagram of OS-modules of the form
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(7.32) Rk−1qS∗ (H∞)
R
k−1qS∗(tr∞) //

Rk−1qS∗(q
∗
SI ⊗YS O(D∞)S )

RkqS∗(H(−1))
RkqS∗(tr(−1)) //

RkqS∗(q
∗
SI(−1))

RkqS∗(H)
R
kqS∗(tr) //

RkqS∗(q
∗
SI)

RkqS∗(H∞)
RkqS∗(tr∞) // RkqS∗(q
∗
SI ⊗YS O(D∞)S )
in which the columns are exact and the horizontal morphisms of the form
RkqS∗(tr∞) are isomorphisms. It is also straightforward to check that
RkqS∗(q
∗
SI(−1)) = 0 for all k ∈ Z. Then applying the snake lemma to
the commutative diagram (7.32), we obtain isomorphisms
Ker(RkqS∗(tr)) ≃ R
kqS∗HomYS (B(QS , ρS),B(QS , ρS)(−1) ⊗YS q
∗
SI)
for all k ∈ Z. Since B(QS , ρS) is a locally free resolution of C(QS, ρS), this
proves Lemma (7.8.i).
Compatibility with base change follows from Lemma (7.5) standard prop-
erties of direct images.

Lemma 7.9. (i) Let (QS , ρS), (Q
′
S , ρ
′
S) be flat families of admissible pairs
parameterized by a scheme S of finite type over C. Let ES, E
′
S be the cor-
responding flat families of stable ADHM sheaves. Then we have canonical
isomorphisms compatible with base change
(7.33) ExtkqS(C(QS , ρS), C(Q
′
S , ρ
′
S)⊗YS q
∗
SI) ≃ R
kpS∗C˜(ES , E
′
S , I)
for any k ∈ Z and for any coherent OS-module I, where qS : YS → S is the
projection morphism qS = pS ◦ πS : YS → S and C˜(ES , E
′
S , I) is the complex
defined in (4.19).
Proof. We will use again the canonical quasi-isomorphism
(0, 1OYS , evS) : B(QS , ρS)→ C(QS, ρS)
constructed in the proof of Lemma (7.3). This yields canonical isomorphisms
(7.34)
ExtkqS(C(QS , ρS), C(Q
′
S , ρ
′
S)⊗YS q
∗
SI) ≃
RkqS∗(C(Q
′
S, ρ
′
S)⊗YS B(QS , ρS)
∨ ⊗YS q
∗
SI)
for all k ∈ Z. Next note that
C(Q′S , ρ
′
S)⊗YS q
∗
SI = Cone
(
q∗SI
−ρ′S⊗1q∗SI // Q′S ⊗YS q
∗
SI
)
[−1]
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Therefore
(7.35)
C(Q′S, ρ
′
S)⊗YS B(QS , ρS)
∨ ⊗YS q
∗
SI =
Cone


B(QS , ρS)∨ ⊗YS q
∗
SIy−1B(QS,ρS)⊗ρ′S⊗1q∗s I
B(QS , ρS)
∨ ⊗YS Q
′
S ⊗YS q
∗
SI

 [−1],
where B(QS , ρS)∨ is the complex obtained by flipping the sign of all differ-
entials in B(QS , ρS)
∨. Here we are using the sign conventions of [21, Ch.
1.3] as stated at the end of the introduction.
Using equation (7.3) and the projection formula for the flat morphism
πS : YS → XS , it is straightforward to check that all terms in the complex
(7.35) are acyclic with respect to pushforward by πS . This implies that the
Grothendieck spectral sequence for the composition qS = pS ◦ πS collapses
to an isomorphism
(7.36)
RkqS∗(C(Q
′
S, ρ
′
S)⊗YS B(QS , ρS)
∨ ⊗YS q
∗
SI) ≃
RkpS∗πS∗(C(Q
′
S, ρ
′
S)⊗YS B(QS , ρS)
∨ ⊗YS q
∗
SI)
for each k ∈ Z. Moreover, using (7.35) we obtain
(7.37)
πS∗(B(QS , ρS)
∨ ⊗YS C(Q
′
S, ρ
′
S)⊗YS q
∗
SI) =
Cone


πS∗B(QS , ρS)∨ ⊗YS q
∗
SIyπS∗(−1B(QS,ρS )⊗ρ′S⊗1q∗s I)
πS∗B(QS , ρS)
∨ ⊗YS Q
′
S ⊗YS q
∗
SI

 [−1].
Next, we claim there is a quasi-isomorphism of complexes of OXS -modules
(7.38)
OXS ⊕HomXS (ES ⊗XS (M12)S , p
∗
SI)[−1]→ πS∗(B(QS , ρS)
∨ ⊗YS q
∗
SI).
Since the complex B(QS , ρS) is locally free, this follows from a direct com-
putation analogous to the proof of Lemma (7.3). Details will be omitted.
The remaining direct image πS∗(B(QS , ρS)
∨⊗YS Q
′
S⊗YS q
∗
SI) in the right
hand side of equation (7.37) is also amenable to a direct explicit computa-
tion. Collecting all terms, it follows that there is indeed a canonical isomor-
phism of complexes of the form (7.33).
The base change property follows again from Lemma (7.5) via the base
change theorem and general properties of direct images.

Entirely analogous computations also prove
Lemma 7.10. Under the conditions of Lemma (7.9) we also have canonical
isomorphisms compatible with base change
(7.39) ExtkqS(C(QS , ρS), C(Q
′
S , ρ
′
S)(−1) ⊗YS q
∗
SI) ≃ R
kpS∗C(ES , E
′
S , I)
for any k ∈ Z, where C(ES , E
′
S , I) is the complex defined in (4.3).
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Lemma 7.11. Consider a deformation situation of the form (4.14). Let
(QS , ρS) be a flat family of admissible pairs parameterized by an affine
scheme S of finite type over C, and let (QS′ , ρS′) be an extension to S
′.
Let ES, ES′ respectively be the corresponding flat families of stable ADHM
sheaves parameterized by S, S′. Then ES′ is an extension of ES to S
′, and
we have commutative diagrams compatible with base change of the form
(7.40)
Ext0YS(C(QS , ρS), C(QS , ρS))
≃ //
δ1

H
0(XS , C˜(ES , ES))
∂˜1

Ext1YS(C(QS , ρS), C(QS′ , ρS′)⊗YS IS⊂S′)
≃ // H0(XS , C˜(ES , ES′ , IS⊂S′)),
(7.41)
Ext1YS (C(QS , ρS), C(QS′ , ρS′)⊗YS IS⊂S′)
≃ //
δ2

H
1(XS , C˜(ES , ES′ , IS⊂S′))
∂˜2

Ext2YS (C(QS , ρS), C(QS , ρS)⊗YS IS′⊂S′′)
≃ // H2(XS , C˜(ES , IS′⊂S′′)),
where the horizontal arrows are induced by the isomorphisms (7.39), and the
vertical arrows are coboundary morphisms.
Proof. Using the isomorphisms (7.34), the coboundary morphisms δ1, δ2
are determined by the following exact sequences of OYS -modules
0→ C(QS′, ρS′)⊗YS B(QS , ρS)
∨ ⊗YS IS⊂S′ → C(QS′ , ρS′)⊗YS B(QS , ρS)
∨
→ C(QS, ρS)⊗YS B(QS , ρS)
∨ → 0.
0→ C(QS, ρS)⊗YS B(QS , ρS)
∨ ⊗YS IS′⊂S′′ → C(QS′ , ρS′)⊗YS B(QS , ρS)
∨ ⊗YS IS⊂S′′
→ C(QS′, ρS′)⊗YS B(QS , ρS)
∨ ⊗YS IS⊂S′ → 0.
All above complexes consist of acyclic terms with respect to push forward
by πS : YS → XS . Therefore applying πS∗ to the above exact sequences we
obtain the exact sequences of OXS -modules
0→ C˜(ES , ES′ , IS⊂S′)→ C˜(ES , ES′)→ C˜(ES)→ 0
0→ C˜(ES , IS′⊂S′′)→ C˜(ES , ES′ , IS⊂S′′)→ C˜(ES , ES′ , IS⊂S′)→ 0
Now the Lemma (7.11) follows from the fact that there is an isomorphism
of derived functors
RΓYS ≃ RΓS ◦RqS∗ ≃ RΓS ◦RpS∗ ◦RπS∗
Compatibility with base change follows again by analogy with Lemma (7.9).
.
Finally, we also have
Lemma 7.12. Let (QS , ρS) be a flat family of admissible pairs on Y pa-
rameterized by an affine scheme S of finite type over C and let ES be
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the corresponding family of stable ADHM sheaves. Then there exist two-
term complexes of coherent locally free OS-modules F
•
S = (F
1
S → F
2
S),
E
•
S = (E
1
S → E
2
S) such that
(7.42)
H1(F•S ⊗S I) ≃ Ext
1
qS
(C(QS, ρS), C(QS , ρS)(−1)⊗YS I)
H2(F•S ⊗S I) ≃ Ext
2
qS
(C(QS, ρS), C(QS , ρS)(−1)) ⊗S I,
(7.43)
H1(E•S ⊗S I) ≃ R
1pS∗C(ES , I)
H2(E•S ⊗S I) ≃ R
2pS∗C(ES)⊗S I
for any coherent OS-module I, and a quasi-isomorphism q : F
•
S → E
•
S such
that the q⊗ 1I induces the isomorphisms (7.39) in cohomology, for k = 1, 2.
Proof. Lemmas (7.3), (7.10) imply that we have an isomorphism
RqS∗RHomYS (C(QS, ρS), C(QS , ρS)(−1)) ≃
RqS∗(B(QS , ρS)⊗YS B(QS , ρS)
∨ ⊗YS I) ≃ RpS∗C(ES , I)
in the derived category D−(S), for any coherent OS-module I. In particular,
there exist complexes of OS-modules F˜
•
S , E˜
•
S bounded above such that
Hk(F˜•S ⊗S I) ≃ Ext
k
qS
(C(QS, ρS), C(QS , ρS)(−1)⊗YS I)
Hk(E•S ⊗S I) ≃ R
kpS∗C(ES , I)
for k = 1, 2, and a quasi-isomorphism q˜ : F˜•S → E˜
•
S which induces the
isomorphisms (7.39). Then, employing the inductive construction of [37,
Lemma III.12.3], we obtain complexes F′•S , E
′•
S of coherent locally free OS-
modules, bounded above, and a natural quasi-isomorphism q′ : F′•S → E
′•
S
with the same properties. Moreover, using the same argument as in the proof
of Lemma (5.4), the complexes F′•S , E
′•
S can be simultaneously truncated to
two-term complexes of coherent locally-free modules FS, ES . The quasi-
isomorphism q′ also yields by truncation a quasi-isomorphism q : FS → ES.

Now we can conclude the proof of Theorem (1.9). The tangent-obstruction
theory of the moduli space of ADHM sheaves has been constructed in (5.1),
(5.2), the relevant deformation theory results being proven in Proposition
(4.5), Corollary (4.7) and Proposition (4.9). The tangent-obstruction theory
of the moduli space of admissible pairs has been presented in the proof of
Theorem (1.7) (see section (6).) Then statement (I) in section (7.4) follows
from Lemmas (7.8), (7.9), (7.10), (7.11). Statements (II.a) − (II.c) follow
from Lemmas (7.10) and (7.12).

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